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7. Introduction. 


A SPECIAL type of musical drum (Mridanga or Thabala) which is widely used 
in India, has interesting acoustical properties which have been observed 
and reported on by C. V. Raman (1920, 1934). The instrument consists 
of a heavy wooden shell over which the drum-skin is stretched; the latter 
can be adjusted to any desired uniform tension, by sixteen leather thongs 
placed at equal intervals along its circumference. The drum-head is loaded 
symmetrically by an adherent dark material composed of iron-oxide, 
charcoal, starch and gum; the thickness of the load is greatest at the centre, 
and decreases in successive steps to zero at a distance of about half the 
radius from the centre. There is also a second membrane in the form of a 
ring superimposed on the drum-head round its margin. One effect of the 
central load is to prolong the vibrations of the membrane, especially in its 
graver modes. The most remarkable property of the drum-head is, however, 
that its proper vibrations form a harmonic sequence of five tones. Exactly 
how this result is attained will be seen from the diagrams (Figs. 1 and 2) 
reproduced from C. V. Raman’s paper (1934), showing the modes and 
frequencies of vibration of the loaded drum-head as compared with those of 
an ordinary unloaded membrane. It will be seen that the first nine modes 
of vibration fall into groups having five different frequencies. It is obviously 
of considerable interest to investigate the law of symmetrical loading of a 
membrane which would give the results obtained in the Mridanga. In the 
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Ps. 1. 


Normal Modes of Uniform Membrane. 


present paper, the case is considered of a circular membrane the density of 
which varies with the radial distance from the centre, according to the law 
y-%. By giving various values to g, we can determine the effect on the vibra- 
tions of the membrane of a gradually increasing concentration of load at the 
centre. It is obvious that this assumed law of loading is not the one actually 
adopted in the drum. Nevertheless the discussion is interesting as it gives 
an insight into the problem the practical solution of which is embodied in 
the Mridanga. 
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Normal Modes of Harmonic Drum. 


2. The Normal Modes of Vibration. 


The equation of motion of a membrane in polar co-ordinates is given by 
ow ow low , 1 dw) 
poe = Tia ty oy tS (1) 
where w is the displacement, p is the superficial density and T, is the tension. 
Putting w = R (7) cos m (8 — B) cos (pt — e) in equation (1), 


we have 
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om Ie | He — : “I R= 6, (2) 
d:* y dr 
b? ‘ ’ 
where k? = 7 , nm is an integer. 
1 
If p =r-¢% where gq = 2 — 2m, (2) becomes 

aR - 1 dR 4S ptpem—2 n*) R=0 (3) 
dr? y dr l 7) 


whose solution is given by 
k : 
R = \ Jn ln (“ ym he B mn ym i. 


In the case of the complete circular membrane, the Bessel function of the 
second order (Y,/,,) becomes infinite at the origin, and is hence to be omitted. 
Thus for a normal component vibration, 





=A Inim ( r ) cos n (8 — 8) co s (pt — e). 











The nodal system is given by w = ‘ for all ?. 


*,Cos n(@— Bf) = 0,172,909 =8 +! se a = » which gives the diameters, 


k ‘ ; , 
and Tulm ( ym ) = 0 represents a series of concentric nodal circles. As the 
m 
» 2 k 
membrane is fixed at the boundary, 7 = a, we have Jy,),, am) = 0. 


This equation gives values for (= a” ) which are infinite in number and 


all real. Let them be a,, a,), ---, a, 


, +++ arranged in order of magni- 





m 


- 
tude. The frequencies are then given by a,,) i A: . 
or @ 


3. Effect of Loading on the Frequencies. 
To find the effect of varying the law of loading on the frequencies, 


convenient to regard the density at the boundary as invariable. 
secured by taking a = 1, when p = 1. 


it is 
This is 
The frequency equation is then 


h ; , ; ; 
Jules (=) = 0, which becomes for the case of the symmetrical vibrations, 


Join) =e 
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Let ag’), ap), --- be the roots of this equation. ‘The frequencies of 
vibration are given by 


VT, 
— 


J mac, ma.(?), tes, ma,\), ee \ 
where O0< m<l. 


If m = 1, p = 1, which is the case of the unloaded membrane. 


' 1 
If m =0,p = a and the mass of the membrane becomes infinite. 


Since m is a fraction, as it diminishes from 1 to 0, the frequency falls 
off, varying asm. ‘The period varies inversely as m and thus tends to infinity 
as m—>0. The limiting case m = 0 is to be omitted from the range of 
variation for m, as the mass is then infinite and a continuous solution for 
R does not exist at the origin. 

It is as well to remark here, that while the frequency changes in its 
absolute value, the ratios of the overtone frequencies of the symmetric 
modes to the fundamental frequency remain unaltered with the variation 
of m. (m= 0.) 

ag), ag), --+ ag”), --+ be the roots of 
Proof. For m=m,, let Jo (R/m, a) =0 
and f;, fo, «++ fy, be the corresponding frequencies. 
For m = Mg, 


{ ag), ag?), +++ ag), - +. continue to be the roots of J, (4 ams) = 0 
[ and $,, d2, +++, +++ are the corresponding frequencies. 
We know that 
ag): ag?) : oes tagl@)i +e $3%, 4 ae. as 
Pte eee eerer, S? eee, a 
Sa rfei fees =< thet toe tg tyes + += te: 


fi ~ by fi wm si i by 


which is the result stated above. 


i nes Po fs _ $s F iP =— Pn eo I, 


from which we have | 


Taking the general frequency equation Jy/,, (=) = 0, it can readily be 


shown that the frequency decreases from m = 1, when m > 0, though not 
according to such a simple law as in the case of the symmetrical vibrations. 


k 
For J»/ “ ) =- 0, we have 
~ mM 


m 


s) 
a, a 


(mn, i? : 
4 2s | + a fraction, 
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where » represents the number of nodal diameters and (s — 1) the number Fo 
of internal nodal circles. 


as 
mM. ay) & {n + (2s — }) m} + m.a fraction 
Hence m. = 1.e., the frequency decreases as m tends to zero. 
When there are no internal nodal circles, we have 
1a 


m.a,") & {n + 


tj 


7 . 
m} = + m- a fraction. 


From this equation it is clear that the decrease in frequency is less than 
when there are both nodal circles and nodal diameters. Further, as 
increases (7.e., the number of nodal diameters increases), the effect of 
variation of m on the frequency becomes relatively smaller. 


4. Radi of the Nodal Circles. 


ik cis : k ‘ 
Consider the sth root a,,“) of Jnim (5 wm) = 0. The corresponding 


solution for w is given by 


o= A VTn/ m at T¢ y ‘ cos N (6 = Bn (s)). COS (5 Ty: pm) a,,'*) t— co). 


a) ecan to the lowest tone of the group n. 


wi 
Consider J»/,, 4 a Js a ys This vanishes not only when yr = a, but also 
when 
Y m x : 
a, (“) =a,(, a,(), +--+ a,(s-), showing that there are (s — 1) 
internal nodal circles whose radii are given by 


(1))1 (2) a,(s-1 
r=aS™ he, a = oe ’ ms. 


, 3 t 
(a,,s) a,,(5)) i ~ j 


In the particular case of the symmetrical vibrations, the radii of the 
internal nodal circles are given by 


— oate a (agl?)) 2 site ool fag’? 2) 2 
oo le ex 
a”) 
jag) J <1 forn<s. O<m<l. 
(%o * ae ts 


Ja95 < 1, and tends to zero as m —> 0. 


In the case of the symmetrical vibrations, the radii contract according 
to a definite law and —0 as m —>0. 
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For modes with both nodal diameters and nodal circles, the latter contract 
as m 0, but not so rapidly as in the case when there are no nodal diameters. 


5. Discussion of the Results. 


The ratios of frequencies of the overtones to the fundamental, and the 
radii of the internal nodal circles are shown in Table I for various values of 









































TABLE I. 
vr 1 l 
e | 

{ofall ale] a] el}aefalelale 

| | | | 
N.D. 1 | 1-593 | 1-65 | 1-78 | 1-88] 1-92 | 2 2 2-15 | 2-65 | 3-15 | 3-65 
N.C. 0 | | 
ND. 2 | 2-135 | 2-35 | 2-45 | 2-66] 2-8 2-94 | 3 3-16 | 4-13 | 5-07 | 6-02 
N.C. 0 | | 
N.D.3 | 2-653 | 0 3-16 | 3-41 | 3-58 3-85 | 3-9 4-13 | 5-54 | 6-94 
N.C. 0 
N.D.4 | 3-156 | 3-46 | 3-85 | 4-14 | 4-33 | 4-68 | 4-75 5-09 | 6-2 
N.C. 0 | | 

| | | 
N.D. 1 | 2-918 | S | SBS [ose] S88 3-4 3-43" 3-51 | 4-06 | 5-124 
N.C. 1) +546 | +46 423 “4 -37 

| | 
N.D.2| 3-501 | 3-7 | 3-9 4:06 | 4-2 4-37 | 4-4 4-6 5-66 | 6-67 | 7-66 
N.C.1] -62 | | 543 +523 | 5 43 
N.C. 1 | 263 bea 2-3 | 2-3 | 2-3 | 9.3 | 2.3 2-3 | 2-3 | 2-3 | 2-3 
ND.0| +436 | | 329 | 264 | 228 | +223 +19 
N.D.0 | 3-6 6 | 36 | 3-6 | 3-6 | 3-6 | 3-6 3-6 | 3-6 | 3-6 | 3-6 
N.C, 2 | | 

| +278) | | °282) | +129 ) +103) | -0997\| +08) 

| +638 J | | 548 | 49 J | 451) | +441 } +41) 

| 

(Figures in italics indicate the radii of the internal nodal circles.) 
es 1 : - F 

¢=(C — ie) mp ~ =, and are also represented in Figs. 3 and 4 res- 


pectively for modes of vibration with nodal diameters only, and for modes 
having nodal circles but with or without nodal diameters. 
DS 


5 > 8 


It is seen from Fig. 3 that when p varies nearly as 4 é.g., as (+ 5) the 
 - 

first four modes with nodal diameters only, approach the desired harmonic 

sequence. The laws of density necessary to bring the four respectively 

into exact harmonic relationship with the fundamental, are not, however, 

quite identical. As already remarked, the frequency ratios of the symmetric 
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Frequency Ratio of Overtone to Fundamental 
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Fic. 3. 


modes remain unaffected with increasing load, and hence their graphs appear 
in Fig. 4 as straight lines. ‘The graphs in Fig. 4 for modes of vibration 
having one nodal diameter with one internal nodal circle, and two nodal 


, , , ; 1 ‘ 
diameters with one internal nodal circle, show that when p =-;5, for the 
v= 


| , : ; 
first, and p = or for the second, the frequency ratios become four and 


five respectively. ‘The loading necessary is thus much greater than for 
modes with nodal diameters only. 


A study of the results thus shows clearly that it is not possible for any 


value of g in p = bring the first nine normal modes into the desired 


harmonic sequence as in Fig. 2. The failure is specially marked in the 
case of the symmetrical modes of which indeed the ratios of the frequencies 

















Theory of the [Indian Musical Drums—1 





/®|o 





. 5 

: | 
Sa ®6 
236 

-— ae! © 

g : % 
s 

2 SF 

: 





Frequency k 
i) 
ol 


to 
T 


Ole 


O 2s 6 SSt*=“‘s;é‘S 4 125 ”~CISSC*é<‘ SSC 


q—-——> 











Fie, 4. 


remain unaltered by the type of loading considered. It is characteristic 
of the law of density discussed in the paper that the density of the membrane 
is greatest at its centre. If instead of such a relatively concentrated loading, 
we have, as in the actual drum, a more widely distributed type of load, the 
latter may be expected to influence frequencies of the symmetrical modes 
differently in each case ; the lowering of the frequency should then be more 
marked for the fundamental and less marked for the overtones. Such a 
distributed load should therefore favour the adjustment of frequencies of 
the symmetric modes into a harmonic sequence. On the other hand, the 
frequencies of the modes with nodal diameters would not depend greatly 
on whether the load at the centre is a concentrated or a distributed one. 
It should therefore be possible with a suitably distributed load to get much 


‘ ae ‘ 
the same result as with the law of density = considered above, and thus 


to put these modes into a harmonic sequence, These considerations, however, 
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are only qualitative and remain to be established by calculation of the fre- 
quencies of the membrane for symmetrically distributed types of load having 
an appropriate law of density. 


In conclusion, I wish to express my heartfelt thanks to Professor Sir 
C. V. Raman for suggesting the problem and for the valuable guidance 
given to me throughout the work. 


Summary. 


The paper contains a discussion of the normal modes of vibration of a 
symmetrically loaded membrane in which the surface density varies as an 
inverse fractional power of the radial distance from the centre, with a view 
to ascertain how far a law of density of this type enables the harmonic 
sequence of tones observed in the Indian musical drum to be approximated 
to. It is shown that for a law of density varying in inverse proportion to 
the radius, the first four modes with nodal diameters only, form an approxi- 
mate harmonic sequence with the fundamental. With this law of loading, 
however, the relative frequencies of the symmetrical modes remain entirely 
unaffected (though their interior nodal circles contract), while the frequencies 
of the modes having both nodal diameters and nodal circles, require a greater 
degree of loading than that stated above to fall into the same harmonic 
sequence. ‘The results thus show clearly that a type of loading so highly 
concentrated at the centre cannot succeed in reproducing completely the 
observed results. The indications are that a more widely distributed load 
such as is actuaily employed should theoretically be necessary to achieve 
the desired purpose. 
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1. Let f(x) be a function integrable in the sense of Lebesgue and 
periodic with period 27. Let 
co 
x (b, cos nx — a, sin nx) (1-1) 
n=1 
be the conjugate series to the Fourier series corresponding to f (x). 
It was shown! by Paley that the series (1-1) is summable (c, 8) for 
5 > 1 to the conjugate function 


Lk Ff t , 
- [@ cot 5 dt, (1 +2) 
— r+) — 
provided the above integral exists, where 
b(t) = f(x +t) —f(x —2). 
Later on, it was shown? by Dr. B. N. Prasad that the condition of the 
existence of the integral (1-2) can be removed off and he proved that the 
series (1-1) is Summable (c, 5) for 5 > 1 to the generalised integral 


oe (1-3) 


2 


] 7 
= / Y (t) cosec? 


0 


which integral may exist even if the integral (1-2) is divergent, provided 


= =o) (1-4) 
‘ 
{72 dt = 0 (8) (1-5) 
where 





1 Paley (2). 
2 B. N. Prasad (4). 
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The object of this paper is to prove that for the summability (c, 8) for 
5 > 1, of the series (1-1) even the conditions (1-4) and (1-5) can be relaxed, el 
and the theorem can be stated as follows : 


THEOREM : The conjugate series " 
baad . 
x (b,, cos nx — a, Sin nx) 
n=1 


is summable (c, 8) for 8 > 1 to the sum 


L Fy tc 
/ P (t) cosec® 5 dt, 
0 


4a 


~ 


at a point x, where this integral exists at least as a non-absolutely convergent 
integral. 

My thanks are due to Dr. B. N. Prasad for his keen interest in the 
preparation of this paper. 


2. The Rieszian means being equivalent to Cesaro means, we shall use 
the former in the present investigation and shall employ Young’s function 
and, in particular, its following properties : 


If Cy, (t) denote the Young’s function, then 


" ae té Le, se lal t? in Pon _ t4 
Co “sa (pL) (Pp +2) t PED eTHGEDE TS ~"} 


peo (2-1) 

p 1 
Cy (ut) = rod (1 — t)e-} cos ut dt, (2 2) 
dia =. 
_ Cy (wu) =Cy-1 (u), (P 21), (2-3) 
. ue . 
Cris (1) re ri + p) _ Cy (24) (2-4) 
and 


for large values of u, 
Cy (u) =O (1), (Pp < 2) (2-5) 
Cy (u) =O (ue-*), (p > 2) (2-6) 
3. In what follows we shall require the following Lemmas : 
Lemma 1. If p> 1, the function u~? Cy, (u) ts of bounded variation 
in (0, co) and tends to zero as u tends to infimty.4 





3 FE. W. Hobson (1). 
4 Young (5), 
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or Lemma 2. If p> 0, the function u~é Cy (u) ts of bounded variation in 
, every finite interval.® 


Lemma 3. When f(x) ts pertodic with period 24 and integrable in the 
sense of Lebesgue, then 


t t 
Y= foad= [Ee +)-fe-a 
is a pertodic function with period 2m and bounded.® 


Lemma 4. If 


1 PP? 
ae io dt 


is convergent, then it is equivalent to the integral 


: f Y (2) cosec? 4 dt 
4m 4 z at 
provided 
W (t) ts periodic.’ 
1. Proof of the Theorem : Working in Rieszian means, in order to prove 
that the conjugate series (1-1) be summable (c, 5) for 8 > 1, we have to 
show® that 


og (w) = 7U9) Py (2) 1-049) 6,5 (0 dt (4-1) 


tends to the integral 

1 © (t) 

7 J e? at, 
as w —> oo. 


Since § > 1, put 8 = 1 + y, where y > Oin (4-1). Then 


incall = cet fy (+) {2+ C5, (t) de 


t 
r y () a — F2+n) P : (:) t+ © 
J a 0 








ae 
7 


1+ (d) dl, 


by virtue of (2 +4). 





Z 


. Prasad (3). 
. N. Prasad (4). 
N. Prasad (4). 
N. Prasad (3). 


Di hb 
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Integrating by parts, we get 


_lfo t — sda sina iene bed. 
aren (w) -=|5 ¥ (7) {re + ») #-@ ™Crenlls |. a od = @ 


t 
y 
(2+) 7? (3) —1¢ 
' - = { amas 7 (t) at 


t 
= — _ / bt 2) t-24™ Ci +n (8) at. 


7 0 
From Lemma 3, ¥ (¢) being bounded in (0, co), 


Lim ® (t) 


t>oco t 


Also by virtue of Lemma 1, f-(4+” C,,» (¢) tends to 0 as t +0. 


= Q, 


Therefore the expression within the square brackets vanishes when ¢ = co, 


Substituting the expansion of t-@+ C,.» (¢) from (2-1) and taking into 
consideration that 


¥ (0) = 0, 
we find that the expression within the square brackets also vanishes when 
P=, 
Therefore 





t 
°° ‘ ae a (pe 
F14n (w) = =f ih dt + = t ”) Fi () 


v (= 


a {-(1+) Chen (t) dt 


7 Ch (¢) at 





{9 € \ 
7 as 1) — ['(3 + 7) ly (4-2) 
7 


Now, since 


is convergent, we may put 
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where 


Lim x(t) =0. 


t>o0 


Hence corresponding to an arbitrarily chosen small positive number e, 
another positive number & can be found out such that 


Ix@l<e« forO <st<k. 
Let us now divide the infinite interval (0, co) into two parts (0, k) and 
(k, ©°). 
k co 
i, — I, L T,(2) = of 
ee ee 


Since Y(t) and C, (¢) are bounded in (0, co) by virtue of (2-5), we have 


+ 


wii<| 
| 1. | ws pin U 


= 0(1), asw> 0, 


where M is the maximum value of | ¥ (f) - Cy (w#)| in (k, ©), since & is 
independent of w. 


: ¥ (t) 
Now, since a is integrable and (tw); Cy (wt) is of bounded variation 


in (0, k) by virtue of Lemma 2, we have on integration by parts 


k 
I) = i (#)-(wt)—7 Cy ( , — [x rat (wt)-7 Cy (wi) dt 


0 


k 
— [xt FN (an "Cy (wi) ae 


- 
[1] < 0(1) +e f 





= 0(1), as w —+ 09, 
since € is arbitrarily small. 
Therefore 
Lim I, = 0. (4-3) 


@w-—->co 
Also, since I, is obtained from I, by putting 1 + 7 for n, the relation 
Lim I, =0 (4 -4) 


w—> oo 
is a fortiori satisfied. 
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Hence, from (4-2), (4-3) and (4-4), we have 


ie autii=® f a 
Ww —- co Tv 0 t? 


| 
| 
as 


t 
P (t) cosec? 4 dt, 
by virtue of Lemma 4. 


This completes the proof of the Theorem. 
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7. Introduction. 


Ir has been pointed out in a recent paper (Krishnan, 1938) in these Proceedings 
that the reciprocity relation 


Pu =(1 + J/pz) | (1 + 1/P,) (1) 
is valid not for a single non-spherical particle with fixed orientation in space, 
but only for a colloidal solution containing a large number of particles, irres- 
pective of their size, shape, structure and distribution, provided they have 
no preferred orientation in the plane containing the incident beam and the 
direction of observation. In the case of small ellipsoidal particles, Rayleigh’s 
(1918) theory indicates that the two anisotropic components H, and V, 
are not equal for a single particle orientated in a specific way. But, if an 
averaging be carried out over all orientations of the particles in the hori- 
zoutal plane which are similarly situated with respect to the vertical axis, 
it is easily verified from the expressions given by Rayleigh that the two 
quantities mentioned above become identical and hence the reciprocity rela- 
tion (1) holds good. In the case of large non-spherical particles it can be shown 
(as indicated below) that the random orientation of the particles is a necessary 
condition for relation to (1) be satisfied. 

For simplicity, let us suppose that the particles are in the form of rods. 
Let the horizontal plane X-Y be the plane of observation. Consider a small 
volume element of the colloidal solution which contains a large number of 
particles. If, in any horizontal section of the element of volume all the 
particles are orientated with their major axis parallel to the X-axis as shown 
in Fig. 1 a, the intensity and state of polarisation of the light scattered along 
the Y-axis for light incident along the X-axis will be quite different from the 
intensity and the state of polarisation of the light scattered along the X-axis 
for light incident along the Y-axis. ‘This is because, in one case, the light is 
incident along the major axis of the particles and the scattered light is 
observed along the minor axis, while in the other case the light is incident 
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along the minor axis and the scattered light is observed along the major axis, 
Consequently, the two cases are entirely different, although the reciprocity 
principle as stated by Lord Rayleigh is applicable and the relations (22) and 
(23) given in the earlier paper (Krishnan, 1938) are valid. The relation (24) 
will not be valid since the depolarisation factors measured depend not only 
on the actual angle of scattering, but also on the relative orientations of the 
particles with respect to the incident and scattered beams, as in the case of 
a biaxial crystal. Consequently, the reciprocity relation (1) will cease to 
be valid. 

If, on the other hand, the particles are distributed at random in the 
horizontal plane as in Fig. 1b, the element of volume of the solution, 
taken as a whole, will be isotropic in the plane containing the incident and 
scattered beams. In consequence, the intensity and state of polarisation 
of the light scattered by the element of volume will depend only on the angle 
which the direction of observation makes with the incident beam, as in an 
ordinary fluid, and not on the actual direction of observation, as in a biaxial 
crystal. Therefore, relation (1) should hold good in this case. 

The object of the present investigation is to study the effect of orienta- 
tion of the particles on the reciprocity relation as well as on the intensity 
and state of polarisation of the scattered light. Fine graphite sol was chosen 
as the scattering substance. Magnetic fields were employed as the external 
orientating agency. The depolarisation factors p,, p, and pz of the trans- 
versely scattered light were measured with white light for the following three 
cases, namely, (1) with the magnetic field perpendicular to the direction of 
observation and also to the direction of the incident beam, (2) with the 
magnetic field parallel to the direction of observation and (3) with the 
magnetic field, parallel to the direction of the incident beam. 








pat a 
colu 
of P. 














Reciprocity Theorem in Colloid Optics 


2. Results. 


Case 1.—Incident beam parallel to the X-axis, direction of observation 
parallel to the Y-axis and magnetic field parallel to the Z-axis. The last 
column in Table I gives the values of p, calculated from the observed values 
of p, and py applying the reciprocity relation. In all the cases a satisfactory 














TABLE I. 

Strength of the py, calculated 
magnetic field pA Py | Pu according to 
in gauss oe be | e relation (1, 

0 26-0 4-5 19-8 20-9 
1120 13-2 2-7 25-9 22-5 
4060 8-5 2-1 28-25 26-7 
5730 5-3 ty 4 33°3 33-6 
6860 4-3 1-6 36-8 35 
7620 3°8 1-4 36-8 37-6 




















agreement is obtained between the observed and calculated values, showing 
thereby that the reciprocity relation is valid for this case irrespective of the 
strength of the field. The disc-like graphite particles are orientated with 
their plane faces parallel to the magnetic field and are free to rotate about 
an axis parallel to the magnetic field and perpendicular to the plane of obser- 
vation. Because of the free rotation of the particles, any direction in this 
plane is as important as any other and the factors P,,, P,, and P, measured in 
this plane will depend only on the angle of scattering. Hence the reciprocity 
telation also holds good. 


In this case, as the particles get orientated, p, and p, decrease, while 
py increases. ‘The depolarisation factors are plotted against the field strength 
and the curves are reproduced in Figs. 2,3 and 4. It is clear from the 
graphs that as soon as the field is put on, there is a sudden change in the 
values of py, py and p,. ‘The depolarisation factors attain a steady value for 
a field strength equal to about 7000 gauss showing thereby that all the parti- 
cles are orientated. Any further increase in the field strength does not 
appreciably affect the depolarisation factors. 
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Another interesting observation was made when the field was put on. 
Out of the four components, V,, H,, V;, and H, which could be seen by the 
double double-image prism method, as the field was put on, not only were the 
two middle components equal to each other, but the intensity of each of these 
also remained sensibly unaffected. The intensity of the two outer compo- 
nents, on the other hand, brightened up when the field was put on. This 
shows that the anisotropic scattering which is represented by the components 
H, and V, is not influenced by the orientation of the particles in the manner 
stated above. ‘There is an apparent increase in the volume scattering. It 
is well known that the light scattered from a rod the axis of which is parallel 
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to the incident electric vector or from a disc with a diameter in the same 
position, is considerably stronger than the light emitted by a particle with 
any other azimuth. ‘This seems to be true in respect of the volume scattering 
and not noticeably for the anisotropic scattering. 

Case 2.—Incident beam parallel to the X-axis, direction of observation 
parallel to the Y-axis and the magnetic field parallel to the Y-axis. The 
depolarisation factors P,,, P,, and P, measured for this case are given in Table IT. 


TABLE IT. 











l 
Strength of the | p, calculated 
magnetic field | Ph Py Pu according to 
in wauss ue _ 1a relation (1) 
0 26-0 4-5 19-8 | 20-9 
1120 41-0 8-6 21-7 27-2 
4060 47-2 12-4 20-5 | 34-4 
5730 53-7 15-0 22-8 | 37-3 
6860 53-7 16-3 23-8 | 39-6 
7620 53-7 16-3 25-4 | 40-0 














The last column in Table II gives the values of p, calculated from the 
observed values of p, and p, applying the reciprocity relation (1). It will 
be seen that the calculated values do not agree with the observed values 
except for the case when the field strength is zero. When the observations 
were made with the double-image prism method, it was found that the two 
middle components became unequal in intensity as soon as the field was put 
on. The second component H, was brighter than the third component V,. 
In this case, the disc-like particles of graphite get themselves orientated 
with their plane faces parallel to the direction of observation and consequently 
the reciprocity relation ceases to be valid. 

Unlike in the previous case, the depolarisation factors P,, P, and Py, all 
of them increase as the particles get themselves orientated as indicated 
above. There is an apparent increase in the optical anisotropy. It is 
further observed that the effect of orientation of the particles with their 
plane faces parallel to the direction of observation, is to weaken the compo- 
nents V, and Hy, and to increase the intensity of the component H,. The 
component V, is sensibly unaffected, 
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Case 3.—Incident beam parallel to X-axis, observation along the Y-axis 
and the magnetic field parallel to the X-axis. The depolarisation factors 
are given in Sable III. 


TABLE ITT. 





| 
Strength of the | calculate 
g 1e | ~- Po Pu Pu tilated 


magnetic field 0 0 according to 
in gauss | ” os 7 


relation (1) 














0 26-0 15 06(Ud| (1908 | 20-9 

1120 | 75-5 4-5 17-0 | 10-0 
| 

4060 134-2 4-5 12-5 | 7-5 

5730 | 219-8 4-0 9-9 5-6 

6860 | 300-0 3-7 8-2 4.7 

7620 | 300-0 3-7 8-2 4.7 


In this case also, it is found that the reciprocity relation does not hold 
good. ‘This is quite in accordance with the theoretical considerations. On 
applying the magnetic field the values of p, and p, decrease, while that of 





pz increases. The fall in the value of p, is less pronounced than that of p,. 
As the particles get progressively orientated the factor pz exceeds 100%, 
showing thereby that the vertical component is brighter than the horizontal 
component when the incident beam is polarised with vibrations horizontal. 
In this case also, the effect of orientation of the particles with their plane 
faces parallel to the direction of the incident beam is to increase the intensity 
of V, and to weaken the components V, and H,. ‘The 


component Hy. 
remains sensibly unaffected. 


3. Conclusion. 


lt is clear from what has been said above that the reciprocity relation 
is valid for the case of orientated non-spherical particles only if they are free 
to rotate about an axis perpendicular to the plane containing the incident 
beam and the direction of observation, or if, in the aggregate, they have 
random distribution in this plane. ‘The same considerations can be extended 
For a uniaxial crystal the reciprocity relation 
will be true if the plane containing the incident beam and the direction of 
observation is perpendicular to the optic axis of the crystal. 
crystal it will not be true for any plane of observation, 


to the case of crystals also. 


For a biaxial 
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The changes produced in the intensities of the component V,, H,, V,; 
and H, and also in the values of p,, p, and pz, by the orientation of the 
particles are rather complicated. It is, however, premature to draw any 
conclusion from the results obtained from a study of the light-scattering 
in one particular sol. A comparative study of the depolarisation factors 
Pu P» and py and also the intensities of the four components V,, H,, V, and 
H, lias to be made in a large number of colloidal solutions containing particles 
of varying size and shape, when they are subjected to the action of external 
agency such as magnetic or electric fields or streaming flow. ‘This will be 
taken up soon. 

In conclusion, the author takes this opportunity to express his respect- 
ful thanks to Professor Sir C. V. Raman under whose guidance the present 
investigation was carried out. 

4. Summary. 


The effect of orientation of the particles on the reciprocity relation as 
well as on the intensity and state of polarisation of the scattered light has 
been studied for the case of graphite sol. Magnetic fields were employed as 
the external orientating agency. The depolarisation factors p,, p, and py, 
of the transversely scattered light have been measured with the magnetic 
field (1) perpendicular to the incident beam and the direction of observation, 
(2) parallel to the direction of observation and (3) parallel to the direction 
of the incident beam. ‘The values of p,, p, and pz are found to satisfy the 
reciprocity relation only when the magnetic field is perpendicular to both 
the incident and the scattered beams. In the other two cases the reciprocity 
relation is not satisfied. Marked changes are observed in the intensities of 
the components V,, H,, V, and Hy and also in the values of p,, p, and py. 
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7. Introduction. 


It is well known that by suitable treatment of two pure immiscible liquids, 
e.g., oil and water, fairly stable emulsions of oil in water are obtained. Such 
emulsions are usually termed as dilute simple emulsions since the concen- 
tration of oil is small and there is no stabilising agent present in the system. 
Such dilute emulsions which closely correspond to colloidal suspensions, are 
often called as oil hydrosols. The oil globules in these emulsions have 
diameters of the order of 10-5 cm. It is believed that the emulsified droplets 
of one liquid in another are spherical in shape and isotropic in structure. 
Ultramicroscopic investigations which do not reveal any scintillations, how- 
ever, support this view. Among the methods available the most delicate 
and useful method for the determination of the size, shape and structure 
of the emulsified particles is that based on the study of the depolarisation 
of the light scattered by these solutions. The intensive study of the state 
of polarisation of the scattered light with the incident light in different 
states of polarisation, namely, (1) unpolarised, (2) polarised with vibrations 
perpendicular to the plane containing the incident and scattered beams 
and (3) polarised with vibrations parallel to this plane, and its dependence 
on the wave-length of the incident light in a large number ot colloidal 
solutions has resulted in great advances in our knowledge of the size, shape 
and structure of particles contained in them (Krishnan, 1937). A similar 
intensive study of the scattered light in dilute simple emulsions may well 
be expected to advance notably our knowledge of the size and shape of the 
droplets contained in these emulsions. Very little work has been done up 
till now in this direction. Some preliminary measurements of the depolar- 
isation factors p,, p, and pz have been made by TD. S. Subbaramaiya (1935) 
for castor-oil emulsions in water. His observations indicate that the 
emulsified particles have a definite optical anisotropy which seems to be 
too great to be accounted for by the Brownian oscillations in shape of the 
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particles. Droplets sticking together forming irregularly shaped groups may 
give rise to some anisotropy. But it is hard to believe the existence of such 
irregularly shaped groups especially in emulsions in which the oil content 
is small and no stabilising agent is present. ‘The surface forces will always 
try to make the drops spherical. ‘The present investigation was therefore 
undertaken in order to obtain sufficient data concerning the depolarisation 
factors p,, p, and py, in a large number of typical dilute simple emulsions, 
which would throw some light on the shape and structure of these emulsified 
droplets. 
2. Experimental Details. 

Two methods were employed for the preparation of the emulsions. 
The first method consists in boiling a large quantity of double distilled 
water into which one or two drops of the oil were added, in a flask fitted 
with a reflux condenser. After a day, the system was allowed to cool and 
the emulsion was transferred to a bottle with the aid of a separating funnel 
which removed the separate oil layer from the emulsion. 


TABLE I. 











| | | | 
| Method of ” | | 
Oil | ‘ peepara- pater used “ Ry | aa eS 
tion Fy sd | ue = 
| 
Castor oil | 1 Red filter 0-42 1-97 | 19-8 
| Orange filter 0-36 1-73 | 21-7 
| Blue filter | 0-3 1-3 28-1 
| Red filter | 0-9 14-7 6-7 
| 2 Orange filter 0-77 8-8 7-2 
| Blue filter 0-7 5-8 10-6 
Paraffin oil | White light 0-45 0-8 42 
| 2 i as 0-48 9-3 6-2 
| 
Bergmont oil. .| 1 White light 0-7 2-1 39 
2 —" - 0-9 3°] 25-6 
Lavender oil _... | 1 White light 0-5 2-2 26-9 
|} 2 nai 1-1 3-1 38-3 
Lemon oil : | z White light 0-62 1-4 43-3 
9 9 2 
| ” ” 
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The second method consisted in dissolving a drop of the oil in about 
5 c.c. of alcohol. 1 c.c. of the resulting alcohol solution was poured into 
a large quantity of double distilled water contained in a clean bottle, 
An emulsion resulted at once. ‘Thus emulsions of the following oils were 
prepared: (1) castor oil, (2) paraffin oil, (3) bergmont oil, (4) lavender oil 
and (5) lemon oil. 

The depolarisation measurements were made by the usual Cornu 
method. In some cases the measurements of p, and ps, were very difficult 
because of the feeble intensity of the weaker components. Only in the 
case of castor oil it was possible to measure the depolarisation factors with 
coloured filters in the path of the incident beam. ‘The values of p,, p, and p; 
are given in Table I. 

3. Discussion of Results. 

The values of p, and p, are very small in the emulsions studied showing 
thereby that the anisotropy of structure or the anisometry of shape of the 
droplets is very small. According to Mie’s theory, if the droplets are spheri- 
cal in shape and isotropic in structure p, and p, will be equal to zero. 
A finite though very small value of p, has been observed. A comparative 
study of the values of p,, p, and p,; shows that the droplets in the emulsions 
prepared by the first method, 7.e., by boiling, are bigger in size than those 
in the emulsions prepared by the second method. It has been noticed that 
for the same concentration of oil the emulsion prepared by the second method 
is more opalescent than the emulsion prepared by the first method. This 
is because in the second method the droplets are formed by the aggregation 
of oil molecules which are dispersed in the alcoholic solution. In the first 
method, on the other hand, the oil is dispersed by boiling and as such the 
disintegration cannot be extended to the limit. The emulsion prepared by 
this method will naturally contain a smaller number of bigger droplets. 
The size of the droplets can be calculated approximately from Mie’s theory 
taking into consideration the relative refractive index of the oil with respect 
to that of water. The diameters of the particles vary from 1 x 10-5 to 
5 x 10-5 cm. 

The depolarisation factors exhibit appreciable dispersion. ‘The type of 
dispersion observed in these emulsions is different from that observed in 
liquid mixtures very near the critical solution temperatures and in sols of 
platinum, selenium, tellurium, stearic acid, vanadium pentoxide, ferric 
hydroxide, etc. (Krishnan, 1937). In the latter case p, and p, increase with 
diminution in wave-length and p, decreases. In the case of emulsions, on 
the other hand, p, increases and p, and p, diminish with diminution in wave- 
length. If the value of p, observed in these emulsions is really due to the 
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genuine optical anisotropy of the droplets, p, should have the same type 
of dispersion as in the case of the ordinary sols mentioned above. ‘The fact 
that the dispersion of p, is in the opposite direction indicates that the finite 
value of p, is not due to lack of spherical symmetry of shape or structure 
of the droplets. The finite value of p, can be attributed to the following :— 
(1) the presence of depolarised scattering of the surrounding medium, 7.., 
water, (2) the anisotropy arising from the Brownian oscillation in shape 
of the droplets and (3) the presence of depolarised secondary scattering. 

1. Depolarised scattering of watey—YThe depolarisation factor p, of 
water is 9 per cent. and hence p, will be equal to 4-7 per cent. Tet us 
suppose that the light scattered by the droplets is completely polarised when 
the incident beam is polarised with vibrations vertical, 7.e., V,* is finite and 
H, is zero. If the component V, for the droplets is nine times more intense 
than the component V,, for water, 7.e., the total intensity of light scattered 
by the particles is about ten times that of the light scattered by water, the 
value of p, for the emulsion will be equal to 0-5 per cent. Observations 
with the naked eye, however, indicate that the scattering power of water 
is very much feebler. Moreover, if the finite value of p, can be explained 
on the basis of the depolarised scattering due to water, with diminution in 
wave-length the relative scattering power of water should increase more 
rapidly than that of the droplets and consequently the values of p, and p, 
should show a corresponding increase in the region of shorter wave-lengths. 
This is not actually the case. It follows therefore that the scattering of 
water does not influence the depolarisation factors to any appreciable extent. 

2. Brownian oscillation in shape of the droplets.—It is well known that 
suspensions of fine particles, fine grained emulsions and colloidal solutions, 
all show under the ultramicroscope that the particles of the dispersed phase 
are in continuous zigzag motion, called the Brownian motion. As the size 
of the particles decreases the Brownian movements become very rapid. The 
droplets of oil in emulsions, in the course of the Brownian movements, 
collide against one another and in consequence they are deformed. ‘The 
extent of deformation depends on the size of the droplets and also: on the 
surface tension of oil in relation to water. After the collision the deformed 
droplets begin to execute a series of oscillations about the spherical shape. 
In the deformed state the droplets become optically anisotropic and they 
depolarise the light scattered by them. The anisotropy arising from the 
deformation can be calculated from a knowledge of the surface tension, the 


Vv and Hy have the same significance as inthe paper (R. S. Krishnan, Proc, Ind, 
Acad. Sci., (A), 1938, 7, 21. 
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radius of the original droplet in the equilibrium position and the temperature 
of the emulsion, ‘The energy of oscillation of each droplet is equal to 4 kT. 
As a first approximation we can consider the shape of the deformed 
droplets as a prolate spheroid of axial ratio B/A. ‘Table IT gives the 


TABLE II. 





Radius of the 








droplet in the B A, the axial Optica anisot ropy p, for the light 
equilibrium posi- — . eae of the prolate scattered by the 
tion in &.U. | ate spheroid spheroid prolate spheroid 
LO | 0-76 | 9-09 x 10° 0-5 
50 | 0-957 | 2.18 x 10-4 0-013 
100 | 0-98 4-56 x 10-° 0-003 
| 

250 | 0-99 | 1-11 x 10-5 0- 0006 

500 0-996 1-77 x 10-° <0-0001 

1000 | 0-998 | 4-4 x10" <0-0001 








values of the optical anisotropy in the deformed state for droplets of various 
sizes. It is seen from the above table that for droplets having diameters 
of the order of 1000 4.U. the optical anisotropy is extremely small and the 
value of p, arising therefrom is almost nothing. Hence it is obvious that 
3rownian oscillation in shape of the droplets by itself cannot explain the 
finite values of p, and py, observed in emulsions. 


3. Depolarised secondary scattering.—The principle underlying the 
theory of secondary scattering is that when a beam of linearly polarised 
light is incident on the droplets each individual droplet becomes a luminous 
source and sends out radiations, called the primary scattering. This, in turn, 
forms a source of exciting radiation. Ejach individual droplet under the 
influence of the primary scattering by all the other droplets, becomes 
a secondary Juminous source and sends out radiations which can be called 
as secondary scattering. Since the intensity of the primary scattering 
increases as the size and number of droplets increases, the intensity of the 
secondary scattering also increases and influences the observed depolarisation 
values. In the case of simple dipole oscillators the intensity of the secondary 
scattering and the depolarisation arising therefrom can be calculated by 
applying Rousset’s theory (Rousset, 1934). But in the case of droplets of size 
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not small compared with the wave-length, the calculations are rather compli- 
cated since under the influence of the primary incident wave each droplet 
becomes a complex oscillator. Prima facie, it is evident that effect of the 
secondary scattering is to depolarise the light scattered in the transverse 
horizontal direction when the incident beam is linearly polarised, 7.e., to 
increase the values of p, and p,;. 

The effect of the secondary scattering on p, and p, was tested out in the 
following way: By pouring an alcoholic solution in water emulsions of 
different turbidity can be obtained. It was found that when the turbidity 
was maximum the factors p, and pz, were also maximum. On diluting the 
turbid solution with water, p, and p,; were found to fall down in value. 
Beyond a certain dilution the measurements of p, and p, became extremely 
difficult. It can, therefore, be inferred that the finite values of p, and pg, 
observed in the various emulsions studied, are due to the presence of 
depolarised secondary scattering. This explains why in the emulsions 
prepared by the second method the values of p, and pz, are comparatively 
higher. 

In conclusion, the author takes this opportunity to express his respectful 
thanks to Professor Sir C. V. Raman for his kind interest in the work. 


4. Summary. 

Measurements of the depolarisation factors p,, p, and pz have been 
made in some typical dilute simple emulsions. ‘Two methods have been 
employed for the preparation of these emulsions: (1) by boiling a mixture 
of water and a few drops of the oil and (2) by pouring an alcoholic solution 
of the oil into’a large quantity of water. ‘The values of p, and p, are of the 
order of 0-5 per cent. and 2 per cent. respectively for most of the emulsions. 
Depolarisation measurements indicate that the droplets in the emulsions 
prepared by the first method are bigger in size than those in the emulsions 
prepared by the second method. ‘The depolarisation factors exhibit appre- 
clable dispersion. It is shown that the droplets in dilute simple emulsions 
are spherical in shape and that the observed finite values of p, and pz are 
due to the existence of depolarised secondary scattering. 
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No case of transverse waves in canals of variable depth, whose section is 
a closed curve, has yet been exactly solved. When the free surface is at 
the level of the axis of a circular canal both Lamb! and Rayleigh? have 
obtained an approximate solution. But it is shown elsewhere’ that no exact 
stable type can exist in a circular canal, and that the constrained type 
assumed by Lamb and Rayleigh to get an approximate result is unstable. 
In the present paper we propose to shew that transverse waves cannot be 
produced in a canal of closed section. In fact, one can anticipate this result 
from physical considerations. We shall also shew that in certain cases an 
approximate value of the frequency can be obtained, and that this value 
approaches (g/p)# as the depth becomes very small, p being the radius of 
curvature at the lowest point. 


For simplicity we take the section of the canal symmetrical about the 
vertical, the origin at the highest point, and the axis of y vertically down- 
wards (see Fig. 1). 


The polar equation of a comprehensive class of closed curves symme- 
trical about 6 = $7 is given by 
<4 9) \ 

= sin (27+ 1)0 | 

“ ( ])# Gon +1 pon eT = ], (1) 
We can take the highest point as , = 0, 6 =0, and the lowest point as 
ry =c, @=47. If we further assume that all the a’s are positive, 0 =}7 
will only give one positive value of +. 


Any function which is to represent the solution must be finite and 
continuous, together with its first partial derivatives, at least for all points 
of the section excepting the highest point. We can therefore assume the 
velocity potential ¢ and the stream function y% to be given by either 


r (— ie Gon +1 9 


b ~ ius = = K,, sin k,, , ) ay | i if, (2-1) 





1 Lamb, Hydrodynamics, 1930, 5th edition, p. 420. 


2 Rayleigh, Phil. Mag., 1899, 47, 566. 
3 Seth, ibid., 1937, 24, 288-93. 
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or 
< . a - oy 4 — ms 
@6+i*p=C+2K, cos k, > (— 1)" AA} 4 it (2-2) 


both of which make (1) the stream line = 0, all the K’s, k’s and ¢ being 


0 


real constants. 








Fic. 1. 
The asymmetrical modes are given by (2-1), and the symmetrical by (2-2). 


If we take (2-1), we get 
sin (nO +1 pa 
sin (7 > p ) (3-1) 


v 
d = An y# 


where p is 1 or 0 according as is odd or even, A’s being all real constants, 


as yet undetermined. Rewriting we have 


» 
inane yr +2 Aoy+, + 2m Aon Y + 
a - 9, (2r+12— Ll) (2r+12 —3?)- - -(2r +12 —2n —2r +1) 
- (~~? Ag+ 1°" -* (2 oy) ! 
27+ 1=2n—-1 ; all— «/} + 
n+ 1 (Suk. 92) (G—_8 Af) ... « (De? — Oe. Oe 
+ £ oF (—1)-* A, yom Doll stn | (3-2) 
bide sli (2n—2r +1)! :; 
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| 
a «| +5 (Aa + 2Aay) + 35 (As + 4Agy — 44594 
(A, + 6Agy — 12A; y? — 8A, y) 


| 
-}- pio (Ag -+ 8A, y x 2G A, yy? — 32 A, 78 ot 16 A; y*) 


l 
-{- yi2 (Ay, + 10 Ajgy — 40 Agy? — 80 A,y® + 80 A,y* + 64 A,y) 
+++], (3-3) 
The condition at the free surface, y = h, which is now of the form 
P op 


gives A, = 0, and 
2 A, (Ih + 1) 4+- lA, = 9, 
8 A,h? + 4 Ajh (Ih + 3) — 4A, (Ih + 1) —1A; = 0, 
24 A,h8 — 8 A,h? (lh + 6)— G6 Ash (21h +5) + 6A, (Id +1) + JA, = 
64 A,ht+ 16 A;f® (lh + 10)— 16 A,h? (21h + 9)— 8 Ah (31h + 7) 
+ 8 A, (lh + 1) + 1A, =0, 
160 A;h® — 64 Aght (Zh + 10) — 80 A,h3 (lh + 7) + 80 Agh? (lh + 4) 


+ 10 Agh (40h +9) — 10 Ay, (Mh + 1) —1A,, =0, 


’ 


where 1 = o°/g. 
The elimination of A’s from the above equations gives an infinite 

determinant to dertermine o. If we proceed to evaluate o by successive 
approximations we get equations of the following type: 

Ih +1=0, 

2y2+3lh +3 =0, 

Bhs + 62h? 4+- 15h + 15 =0, 

4h’ +- 10 2h? + 45 2h? + 105 1h 105 = 0, 
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Thus at whatever stage we stop we cannot expect to get any positive value 
for lh, and hence no asymmetrical stable type is possible. 

If (2-2) is used we again get equations of the same form as (5) to 
determine /h. There exists therefore no symmetrical stable type as well. 

If we take 


fi cos (2m +- 1) 
-K2 oa 1)” Gay + 4 aa : : (6-1) 
sin (2m + 
ga — KZ[(— 17" ee ENE _ 4], (6-2) 


the boundary condition is satisfied. 

















Transverse Waves in Canals 


The surface condition gives 


Tal +55) oer <5 (1+ m) noes] 
L2(62 BO OE | 0 


If, therefore, x?/h* and hill powers of om can be neglected, we get 


m% , 3a, | 54g, 1 ig E 643, , 
1| fs + 3 + i 4 | = 2/% 4 Ss 4 ] 


which will always give a positive value of / if all the a’s are positive. In 


such a case we can take (6) as the constrained type to get an approximate 
value for the frequency of the gravest mode by using Rayleigh’s method 
for cases in which the normal types cannot be accurately determined. The 
condition in this case to be satisfied is that the breadth of the free surface 
is very small compared with its depth below the highest point. 


Ifw =¢ +7y%, we can write 


. _ SS az | dear (7 


ee 


the double integral being taken over the area occupied by the liquid, and 
the single over its free surface. 





Z 


For very small depths the section may be replaced by its circle of 
curvature at the lowest point. In such cases we know that* 


* - (8) [1 + ) a (8) 


H being the depth of the liquid, and p the radius of curvature at the lowest 
point. This value obviously approaches (g/p)* as H —>0. 

The last result is perfectly general, and may be verified by taking the 
exact solutions for a few hyperbolic sections. We know that for a rectangular 
hyperbola and for one in which the eccentricity is 2 the value of o is given by 


=(i) q 


h being the height of the free surface above the centre of the hyperbolas. 
In the limit h obviously approaches p. 
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THE presence of more than one part per million of nitrite is found to give 
too high a value for the nitrate content in the colourimetric estimation of 
the latter using the phenol sulphonic acid method.! A similar observation 
was made by Murty and Gopalarao? in the determination of nitrate by the 


a-naphthol sulphonic acid method. ‘Tatlock and Thomson’ found that 
hydrogen peroxide can be used for the quantitative oxidation of nitrite 
to nitrate. By estimation of the nitrite present and the total nitrate pro- 


duced after the oxidation the amount of nitrate originally present is deter- 
mined. This method, however, is limited in its application since it is suit- 
able only for low concentrations of the nitrite and fails as the concentration 
increases. As an alternative method urea in slightly acid media has been 
used to destroy the nitrite completely, the residual nitrate being estimated 
subsequently. These two methods have been carefully examined in the 
present investigation and comparison effected. The method based on the 
use of urea is found to be more advantageous in that it is quicker and the 
range of its application greater. 


Experimental, 
Reagents. 


The phenol sulphonic acid reagent is prepared by the method described 
by Grandval and Lajowx.! The a-naphthol sulphonic acid reagent and the 
nitrate solution are prepared as described by Murty and Gopalarao (loc. cit.) 
and the practical details are the same as described therein. The nitrite 
solution is prepared by weighing exactly 0-1100 gm. of pure dry AgNO, 
(which is previously prepared and kept in the dark in a coloured bottle) and 
dissolving it in nitrite-free distilled water. To this solution 0-0650 gm. of 
Merck’s pure potassium chloride is added and after filtration the solution 
is made up to a litre. One ml. of this solution contains 0-01 mg. of nitrite 


108 








nit 
est 
cal 
30) 














109 


Colourimetric Estimation of Nitrate in the Presence of Nitrite 


nitrogen. The preparation of the reagents, etc., in connection with the 
estimation of nitrite by the a-naphthyl amine-sulphanilic acid method is 
carried out as described in the Photometric Chemical Analysis, Vol. I, pages 
308-09. 


Methods. 


The mixture of aqueous solutions of nitrite and nitrate is divided into 
two equal portions. From one portion of the mixture, the nitrite is deter- 
mined by the a-naphthylamine-sulphanilic acid method as described in the 
Photometric Chemical Analysis. The other half of the mixture is utilised 
for the estimation of total nitrogen by the hydrogen peroxide method and 
for the estimation of nitrate, freed from nitrite by the urea method. 


Hydrogen Peroxide Method.—To the mixture kept in a china dish, small 
amounts of 0-1 N hydrogen peroxide are added and the solution warmed to 
40-50°C. This process is repeated at least five times to be sure of the com- 
plete oxidation of the nitrite. The solution is then evaporated to dryness 
on a water-bath and the nitrate estimated colourimetrically. In the presence 
of a few drops of very dilute ferric sulphate solution (of the order of 0-002 M), 
it is found that repeated addition of hydrogen peroxide can be avoided. The 
oxidation is completed as the solution is being evaporated to dryness. The 
results are represented in Tables I and II and it will be noted that the pre- 
sence of Fe*** does not in any way affect the results. 


Urea Method.—In this method the solution is treated with excess of 
1 per cent. solution of urea followed by four or five drops of 0-002 N 
sulphuric acid. Excess of sulphuric acid should be scrupulously avoided as 
it gets concentrated on evaporating the sample and destroys some of the 
nitrate. The mixture is then subjected to the usual treatment for the 
colourimetric estimation of the nitrate. It is found that the variation 
of the amount of urea over a very wide range has absolutely no effect on 
the accuracy of the method. 


Nitrate Estimation—In each case the nitrate estimation is carried out 
both with the phenol-sulphonic acid reagent (Grandval and Lajowx) and 
the a-naphthol sulphonic acid reagent (Murty and Gopalarao). Throughout 
the work comparison of colours is made with the Duboscq colourimeter. 


Results. 


Note—lIn all the tables nitrite and nitrate are expressed as nitrogen 
mg. x 102. 
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A—Phenol Sulphonic Acid Reagent. 
Acid Reagent. 


TABLE I. 
H.O, Method. 
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B—a-naphthol Sulphonic 




















Nitrate Nitrite Total N, | Total N, Nitrate Nitrate 
taken present with A with B found with / found with B 
20 | 2 1-9 22-0 19-9 20 
20 | 4 23-9 24.2 19-9 20-2 
20. | 6 26-0 26-2 20-0 20-2 
20 | 10 30-5 30-5 20-5 20-5 
20 | 1b 36-0 36-0 21-0 21-0 
| 
20 | 20 42-0 12-0 22-0 22-0 
20 | 30 53-0 53-0 23-0 23-0 
TaBLEe II, 
H,O, Method. Influence of Fe. 
: . ” teal aaa 
Nitrate | Nitrite Total N, | Total N, Nitrate Nitrate 
taken present with A with B_ | found with A | found with B 
20 2 22 22 20 20 
20 6 26 26-2 20 20-2 
20 15 36 36 21 21 
20 20 12 42 22 22 
20 30 53 53 23 23 




















—->~ nas alc OCOD 








Colourimetric Estimation of Nitrate in the Presence of Nitrite 111 
TABLE III. 


Urea Method. 








| 
Nitrate taken pose | inate A sian each B 

20 2 20-2 | 20 

20 6 | 20-5 | 20 

20 15 | 20-5 | 20 

20 20 20-5 | 20-1 

20 30 | 20-5 | 20-1 

Nil 30 (Very faint colour got) | Nil 








Discussion of Results. 


It is clearly seen from the results presented in Tables I and II that when 
the amount of the nitrite nitrogen exceeds 0-1 mg. the error in the estima- 
tion of nitrate by the hydrogen peroxide method becomes considerable. 
Both the phenol sulphonic acid and the a-naphthol sulphonic acid reagents 
behave alike. The presence of a minute quantity of ferric iron does not seem 
to benefit more than saving the trouble of adding hydrogen peroxide a 
number of times and heating. In the absence of the ferric salt, addition of 
all the hydrogen peroxide at a time gave widely varying results. From 
Tables I to III it can be seen that the method based on the destruction 
of the nitrite by urea is much more accurate than the one depending on 
oxidation of the nitrite to nitrate in that it is quite suitable even for high 
concentrations of nitrites. An examination of Table III shows that even 
in the urea method, better results can be obtained if the nitrate is estimated 
with the a-naphthol sulphonic acid reagent than with the phenol sulphonic 
acid reagent. ‘This may be due to the fact that the excess of urea has a very 
slight, though detectable, tendency to increase the colour in the case of the 
phenol sulphonic acid reagent. Hence the best method of estimating nitrate 
in the presence of nitrite would be the one involving the complete 
elimination of the nitrite by treatment with urea and the estimation of the 
remaining nitrate with the a-naphthol sulphonic acid reagent. 
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Summary. 


For the colourimetric estimation of nitrates in the presence of nitrites 
in aqueous solution a method has been developed, in which urea is employed 
for destroying nitrites. This has been found to be far better than the 
one based on the observations of Tatlock and Thomson wherein hydrogen 
peroxide is employed for the oxidation of nitrite to nitrate. In the new 
method a-naphthol sulphonic acid reagent has been found to be more siiit- 
able than the phenol sulphonic acid reagent. 


In conclusion, the author desires to thank Dr. T. R. Seshadri for his 
valuable suggestions and helpful guidance. 
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AvTER the formulation of the well-known relation connecting the interfacial 
tensions of interfaces in equilibrium and the contact angle, very little pro- 
gress has been made in this field. The importance of adsorption in deter- 
mining the contact angle is scarcely appreciated. It is the object of the 
present paper to formulate a theory of contact angles and to show the direct 
connection between adsorption and contact angle. The theory would be 
particularly applicable to systems containing fluids composed of isotropic 
molecules. The influence of such factors as molecular orientation, distor- 
tion in the adsorption layer, and irreversible effects brought about by 
immobility at interfaces have not been taken into account in the present 
discussion. 
Young! obtained the relation : 
S, —S,, =S, cos 8, 

where S, is the surface tension of the solid, S,, the interfacial tension of the 
solid-liquid interface, S, the surface tension of the liquid and @ the angle 
of contact of the liquid-gas interface with the solid. But since @ can be 
definitely measured only when the vapour, the solid and the liquid are in 
equilibrium, one can write with Harkins and Dahlstrom? : 

S,’ — Sy, = 5S, cos 8, (1) 


, 


where S,’ is the free energy per unit of surface of the solid in equilibrium 
with the vapour and §,,’ the free energy per unit area of the solid-liquid 
interface. 

When a solid surface is brought in contact with the saturated vapour 
of a liquid, there is adsorption and the solid surface would be partially or 
completely covered with an adsorption layer of the liquid, depending upon 
the nature of the substances involved. Applying the principle of indepen- 
dent surface action of Langmuir,’ to the present system, the solid surface 
then, actually consists of three interfaces, namely, the solid-liquid, the liquid- 
vapour and the solid-vapour, though it is usually pictured as being only a 
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solid-vapour interface (see Fig. 1). Let a fraction o of the total surface of 
the solid be covered by the molecules of the liquid ; the actual solid-liquid 


Solid-liquid Liquid-vapour Solid-vapour Solid-liquid Ligquid-vapour Solid-vapour 
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Solid in equilibrium with vapour. 


interface per unit area of the solid surface as pictured above would be a. 
The liquid-vapour interface per unit area of the solid surface as pictured 
above would also be o, while the solid-vapour interface would be 1 ~—o. 
Thus S,’ the total surface energy per unit area of the ‘‘ Apparent solid-vapour 
interface ’’, is given by the equation 

S,’ =Spoe +S,0 + §, (1 — o) (2) 


S,,. being the interfacial energy of the solid-liquid interface per unit area of 
the actual contact between the solid and the liquid. If the solid surface is 
now immersed in the liquid, it can be assumed that there is no alteration in 
the fraction of the surface of the solid covered by the liquid molecules, since 
the solid has already been in equilibrium with the saturated vapour. 
every unit area of the “‘ Apparent solid-liquid interface’ 
of actual solid-liquid interface (as before), 


For 
we have o units 
1 —o units of the solid-vapour 
interface (as before) and | — ounits of the liquid-vapour interface as dia- 
grammatically represented in Fig. 1. The free energy S,,’ of the “‘ Apparent 
solid-liquid interface ’’ is therefore given by the equation 


Siz =Spe +5 


1 


ie +6) — 2. (3) 
Combining equations 1, 2 and 3, we get 

cos @ =20 — 1. (4) 
This equation leads to certain interesting conclusions. If @ =-0, then a 
becomes unity. Thus, it is seen that a zero angle of contact is got when the 
solid surface is completely covered by an adsorption layer of the liquid. On 
the other hand, if @ is finite, o is less than unity. 


This gives us an interesting 
result that, in a system having a finite angle of contact, the unimolecular 
adsorption layer on the solid does not get completed even at the saturated 
vapour pressure of the liquid. Thus the adsorption layer of mercury on 
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glass or quartz barely forms more than a tenth of the total surface available, 
even at saturation. This has an interesting consequence. When mercury 
condenses over glass or quartz, it does not form a uniform film, but forms 
minute droplets giving rise to relief-like structures. The beautiful iride- 
scence exhibited by such surfaces is shown to be due to the interference of 
the light waves reflected by the surface of the solid with those scattered by 
the mercury droplets." 


Let us next consider the magnitude of the contact angle for the simplified 
case where the Iangmuir theory holds for the calculation of o. The rate of 
condensation of a vapour at a solid surface, a fraction o of which is already 
occupied by the molecules of the liquid is equal to 


1 
2 oe 
al Soa p | °); 


where a is the accommodation coefficient. The rate of evaporation from the 
surface is 
me: 
Bve ** o, 
where v is the vibration period of the adsorbed molecule, B the number of 
elementary spaces available for adsorption per square centimetre and U is 
the work required to remove a mole of the adsorbed molecules to the gaseous 
phase.2 At equilibrium, 
- 


l ~ RT 
a —- P (l— oa) =Bve "a. 4) 
N pote , (5) 
Combining equations 4 and 5, we get, 
U 


| = 
; = e KI 
7 af scp f ” 


cos 6 = 7 (6) 


l ~~ RT 
a * Pp + Bre 
2amkT 


From equation 6 it becomes clear that the contact angle is obtuse when the 





specific rate of evaporation is greater than the specific rate of condensation 
and it is acute in the reverse case. Also, if U ® RT (1.e., the solid has a 
large attraction towards the liquid) the contact angle 9 becomes zero. 

The influence of the roughness of the surface may next be considered. 
A rough surface may be pictured as having craters. Each crater may be 
looked upon to be a capillary, which (in presence of saturated vapour) will 
get completely filled with liquid if the latter makes an acute angle of contact 
with the solid. Let the mouths of the craters together form a fraction x 
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of the surface of the solid. ‘Then, 


S,’ = Solid-vapour interfacial energy -+ S,{x + o (1 —x)} 
+ solid-liquid interfacial energy. 
S42 = Solid-vapour interfacial energy + S, (1 — x) (1 — a) 


-+ solid-liquid interfacial energy. 
S,’ eos Sie’ 
Se 
Qualitatively it may he stated that for a liquid with an acute angle of 
contact, when the roughness of the solid surface increases the contact angle 
would correspondingly diminish. Let us next consider a liquid having an 
obtuse angle of contact. In this case, the craters would be practically free 

from liquids. Thus, 


.. cos? = = 20 —1+4 2x (1 — o). 


S,/ =S,e (1 — x) +- Solid-vapour interfacial energy -+ sclid-liquid 
interfacia! energy. 
Sie’ = Sy {v + (1—o) (1 — x)} + solid-vapour interfacial energy 
+ solid-liquid interfacial energy. 
Si, — 8S,’ 
coe 6 a —)._ 3 = Ye — 1 — Box. 
De 


With a liquid having an obtuse angle of contact therefore 9 increases with ~. 

These conclusions receive support from the experimental work of 
Adam. The above considerations account for the fact that the contact 
angle may vary from point to point, as observed by Adam and Jessop® for 
solid stirfaces, as these are usually not quite uniform. The wetting pheno- 
mena exhibited by glass and fused quartz can also be elucidated on the basis 
of the theory developed in this paper. Glass, fresh from the furnace, being 
a vitreous solid may be expected to have a smooth surface. On washing 
with water however, the soluble matter is lost and craters are developed. 
Fused quartz, on the other hand, would be comparatively free from craters, 
On this basis we can explain the following observations of Schumacher’ :— 
(i) Mercury wets fused quartz more readily than it can wet glass. (ii) The 
more alkaline the glass is the more difficult is the wetting by mercury. ‘This 
may be accounted for by the greater production of craters consequent on 
the removal of larger quantities of soluble matter from such glass. 


It may be pointed out that the usual practice of washing with water, 
capillary tubes of glass (after they have been drawn at the blow-pipe), is of 
particular advantage in surface tension determinations inasmuch as, the 
increased roughness (caused by washing) brings about a lowering of the 
contact angle, where it exists. On the other hand, while working on contact 
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angles it would be inadvisable to wash the tubes as the roughness caused by 
washing is likely to affect the values (cf. Bartell and Merrill.’) 

The nature of the glass-mercury interface has been a puzzle (ef. 
Bancroft.2) The mercury-glass contact angle is of the order of 140°. 
Using this value in equation 4, we get o =0-12. Therefore, when a drop 
of mercury is placed on a glass plate, one-eighth of the ‘“‘ Apparent solid- 
liquid interface ’’ represents actual contact between the mercury and the 
glass. In discussing this topic Bancroft® suggests that, ‘‘ At some point the 
force of gravity squeezes out all the vapour layer and the mercury does come 
in contact with the glass’’. A squeezing out of vapour under the influence 
of gravity is, in our opinion, an unnecessary assumption to account for the 
phenomenon. 


Finally it may be pointed out that there is no abrupt transition as we 
pass from the wetting to the non-wetting liquids. Water, acetylene tetra- 
bromide and mercury, all wet quartz. ‘The difference is only in degree. 
Water which has a zero angle of contact with quartz, forms a continuous 
film. Acetylene tetrabromide, which forms an acute angle of contact, gives 
a discontinuous film covering, more than half the surface of quartz. Mercury, 
which has an obtuse angle of contact, also forms a discontinuous film. But 
in this case the film occupies less than half the surface of quartz. 


Summary. 
A theory of contact angles has been developed. The phenomena at 
the interface between a solid and a liquid have been discussed on the hasis of 


this theory. 
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1. Introduction. 

Tr is well known! that the group-algebra over a commutative corpus K 
defined by a finite group G is semi-simple, when the characteristic / of 
the corpus K is not a divisor of the order N of the group and that in this 
case, the group-algebra K [G} is the direct sum of simple algebras whose 
products in pairs are all zero. Beyond these general properties, the structure 
of the group-algebra is not completely known even in the case when G is 
Abelian. For example, in the existing literature, the following questions have 
not been discussed :— 

(1) In the decomposition of K [G] as the direct sum of simple algebras, 
the actual number of simple component algebras. 

(2) The radical of K [G] when # is a divisor of N. 

(3) The residue class ring of K [G] with respect to its radical when 
it exists. 

In the present paper, we consider the case when G is Abelian and we 
show that in this case K [G] is simply isomorphic with the residue class 


ring of the polynomial domain K [%,, x2, - + + x,| with respect to the ideal 
(xm —1, x —1,-+ +x" —1), where m,, m.--+-+m, are the orders of 


a set of basis elements of the Abelian group G. From a study of this 
residue class ring, we deduce all the important structural properties of the 
Abelian group-algebra K [G]. We show in particular that, when f is not 
a divisor of N, K [G] is the direct sum of ” corpuses which mutually annull 
each other and that 2 depends on the ground corpus K. When K is the 
corpus of rational numbers, ” is minimum and is equal to JJ d; where d; is 
the number of divisors of »;. When the ground corpus K is sufficiently 
extended ” is maximum and is equal to N and in this case, the component 
corpuses are simply isomorphic with the ground corpus K. When # is 
a divisor of N, K [G] is the direct sum of m mutually annulling primary 





1 For instance see Wedderburn, Lectures on Matrices, p. 167-8. 
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rings and when the ground corpus K is sufficiently extended, m is equal to 
the greatest block factor, prime to p, of N. If G,, Go, « - - Gz are the Sylow- 
sub-groups of G and if # is the prime associated with the Sylow component 
G, of G, we shall show that the residue class ring of K [G] with respect to 
its radical is simply isomorphic with the Abelian group-algebra K [G/G,], 
defined by the factor group G/G,. 


Throughout this paper, I follow the notation of Van der Waerden.? 


K [x1, %2,° °° X,| denotes the ring of polynomials in %,, %,-° + - x, with 
coefficients from K. The highest common factor of the ¢ ideals m,, mh, -- + mM, 
is the least ideal containing all elements of m,, Me, - + - m, and is denoted 
by (m,, M2.,-- + m,). The least common multiple of m,, mo,-- +m, is the 
ideal consisting of all elements common to m,, M,-- + m, and is denoted 
by (mt), M,-- - ny]. It is the intersection of the aggregates m,, M2, --+ mM. 


German letters denote ideals and in particular p’s denote prime ideals and 
q’s denote primary ideals. 


2. The Abelian Group-Algebra K [G}. 


Let K be a commutative corpus with characteristic p (pf may be a prime 


or 0) and a4, @, - a, bea systemof 2 elements linearly independent 
in relation to K. We take the a’s to be permutable with the elements of 
K and we denote the elements of K by Greek letters. Let A be the module 
of linear forms 

a,A, + AoA. + - 


' 


+ ayA,,- 
We take the unit element 1 of the corpus K as the unit operator.4 


If the module of linear forms A is closed under a second rule of combi- 
lation, which may be called multiplication and which is associative and 
both ways distributive with respect to addition, 7.c., if A is simultaneously 
a ring, we say that A is an algebra over the corpus K of finite rank n. ‘The 
algebra is therefore completely determined, when the basis elements and the 
multiplication scheme 

ag; =Z¥i,- a, (,9,k =1,2,> + - 2) (1) 
of the basis elements:are known. ‘The only condition which the multipli- 
cation table (1) is subject to is, that it should be consistent with the associ- 
ative law for the basis elements, namely, 


\ “- 


Ay (€,a4) = (Apa,) ag = (v7, S, tC = 1, 2, + + +m) (2) 


2 Moderne Algebra, Bd. I and II. These will be referred to in the sequel as W. I and 
W. II. 


3 Or additive Abelian group with operators, having K as the operator domain. 
4 


ic, 1.a =a for everyainA. W. II, p. 110. 
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We notice that the group relation is a simple case, in which the associative 
law (2) is true. We can therefore take the elements g;, g, --+ g, of a groupG 
as the basis elements of an algebra over the corpus K. Here the constants 
of multiplication r§, are either 0 or 1. The algebra so formed by the elements 
of a group is known as the growp-algebra and the rank of the algebra is the 
order of the group. In the present paper we take the case when G is 
commutative (or Abelian) and we accordingly call the algebra obtained by 
the elements of a finite Abelian group G, the Abelian group-algebra K [G}. 


3. The Isomorphism between the Abelian Group-Algebra K (G) and the 
Residue Class Ring K [x 4, %2, + + + %,|/(x™! — 1, 48 — 1, ++ «xr — 1), 


We know from group theory, that every finite Abelian group G has a 


basis P,, P,- - + P, of orders say 14, m2,+ ++ 2, such that the elements 
of G can be uniquely expressed in the form 
Pt: Pt oo + Bw 0<t; <n; aS Eh D sag 


K [G] consists therefore of the totality of the elements of the form 

are re «+ « PF. 0<t; << n,;, ¢ owl, 2,++<9 a,;in K. 
Since the unit element 1 of K can be taken as the unit operator, as stated 
before, K [G] has the modulus E, the identity element of G itself. 

Now consider the ring of polynomials in x,, %5, + + + x, with coefficients 
irom K, namely the polynomial domain K [x,, x, - - + x,]. A correspond- 
ence may be established between the elements of the ring K [%, %2, - 
and the elements of K [G] by which 

A — AE, 


and x; —> P; fort =1,2,-+--°7. 


y ey 


| 
* Xy| 


The correspondence is obviously a homomorphism and from the general 
theory of homomorphisms, the elements in K [x,, %2, + + + x,] which corres- 
pond to the zero element of K [G] form an ideal in K [x,, x,,- ++ x,]. To 
prove that this ideal is 

m= (xt —1,xe —1,- - x — 1), 
we note in the first instance that the polynomials 

xe —1—>9 for’ =1,2,++-¢ 
and therefore any element of the ideal m corresponds to the zero element 
of K [G]. Since division by x"*—1 is possible in K [x,, %o, ++ + %,], 


any polynomial in K [x,, %:,- ++ x,] reduced mod mis a_ polynomial 
f (%1, %2,° + ° %,) of degrees less than m,, ,-- +m, im %,, %e,° °° Xp 
respectively. Then 

f = Ja; xis xis. . . xt» Da, Pts Pts ooo Fe Cah < &; 


Tee cae * ia 
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Since the elements of G are linearly independent in relation to K the 
expression 2 a,P{ P? - - - Pfr summed for 0 <#; <n; is zero if and only if 
the coefficients a, are all zero, in which case, the left-hand expression in (3) 
js also zero. It therefore follows that the only elements in K [%,, %9,- + -%,] 
which correspond to the zero element of K [G] are the elements of the 
ideal m. From the general theory of homomorphisms it follows that 


K [G] ~° K (x, %, + + + + +x ,)/m. 
4. Some General Results in Ideal Theory for Later Application. 


Let R® be a ring and a an ideal in it. Let & be the residue class ring 
Ria. If b is an ideal in R, § = b/a is an ideal in R and is uniquely deter- 
mined by 8. Obviously § is the same if we replace & by (8, a). Conversely 
an ideal § in R is composed of a system of residue classes mod a and the 
totality of the elements in the system of residue classes form an ideal 6 
in R containing the ideal a. 6 is uniquely determined by b. 

Lemma 1.8—If } is a divisor of a, 

R/b ~ BR/b. 

Proof. ® ~*R ~ Bib 
and 0 in R/b > bin KR — bin BR and conversely. 
Therefore by the general theory of homomorphisms 

Rib ~ R/b. 

Corollary. If § is a prime ideal in ®, then § is a prime ideal in R, 
If § is a factorless prime ideal in ¥, so also is § in R. 

We assume the following :— 


THEOREM 1.” If R is a commutative ring with unit element and with 
finite basis for ideals and if R& [x] is the ring of polynomials in x with coeffi- 
cients from #®, every ideal a in R [x] has a canonical basis in the form 
(@11, G12, *** Ayr, er, Goa, *** ayy, *** Ay, Mt,, ++ * Aty,) Where ag, Ag,, +*° Ar, 
are polynomials-in ® [x] whose highest coefficients form an ideal b, in R 
which is a proper divisior of O,-, (k =2,--+ +7). As a simple applica- 
tion of the above theorem we prove 


~ Denotes simple isomorphism, ~ denotes homomorphism (multiple isomorphism). 
6 EF. Noether, ‘‘ Abstrakter Aufbau der Ideal theori in alg. zahl. and Funktionen- 
korp6ren ”, Math. Annalen, 1927, Bd. 96, p. 41. 
7 See Dr. R. Vaidyanathaswamy and T. Venkatarayudu, “ On the canonical basis for 
ideals in a polynomial domain over a commutative ring with finite basis for ideals.’ To be 
published shortly. 
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THEOREM 2. If m is an ideal in R and f(x) a polynomial in ®R fy) 
with highest coefficient unity and if the prime ideal divisors of m are all 
factorless prime ideals in R 

(i) the prime ideal divisors of the ideal [m, f (x)] in ® [x] are of the 

form [p, @ (x)], where p is a prime ideal divisor of m and ¢ (x) 
an irreducible factor of f (x) mod p. 

(ii) The prime ideals [p, d (x )] are factorless prime ideals. 

Proof. The second part of the theorem is obvious. For in any ring, 
an ideal is a factorless prime ideal if the residue class ring with respect to it 
is a corpus and conversely. Here @ (x) is an irreducible polynomial mod gp, 
(t.e.) @ (x) is an irreducible polynomial with coefficients from the residue 
class ring R/p. Since p is a factorless prime ideal in ®, the residue class 
ring R/p is a corpus and therefore the residue class ring of R (x) with respect 
to [p, d (x)] is a corpus and [p, ¢ (x)] is a factorless prime ideal. 

The first part of the theorem follows directly from Theorem 1. For, 
let B be a prime ideal divisor of (m, f (~) and let the constant elements in 
form an ideal pin ®. pis a prime ideal in R otherwise Y will not be 
a prime ideal in R [x] ; further pis a divisor of m for it contains m. Hence 
p is a prime ideal divisor of m. p is therefore a factorless prime ideal in R 
by hypothesis and its proper divisor is the unit ideal with the basis element 1. 
In the canonical basis for $, there should therefore be just one poly- 
nomial ¢@ (x) with highest coefficient 1 by Theorem 1. Since ® is a prime 
ideal, d (x) is an irreducible polynomial mod gp, further ¢ (x) is a factor of 
f (x) mod p, for f (x) is in B. Hence ¢ (x) is an irreducible factor of f (x) 
mod p. Hence P = [p, ¢ (x)]. 

As a further application of Theorem 1 we have 

THEOREM 3. If mis the product of different factorless prime ideals of 
the form p and f (x) has no repeated factors mod p then [m, f (x)] is the 
product of its different factorless prime ideal divisors. 

Proof. Let @ bea primary ideal divisor of [m, f (x)]. Let the constant 
elements in @ form an ideal gin R. Since @ is primary, g must be primary 
in R, further q should be a divisor of m. Hence g should be a_ primary 
ideal divisor of m. But m is only a product of different factorless prime 
ideals and therefore g can only be one of the factorless prime ideal divisors 
p of m. As before in the canonical basis for @, there should be just one 
polynomial @ (x) with highest. coefficient 1. Since @ is primary ¢ (x) is 
a power of an irreducible polynomial mod p and further ¢ (x) should be 
a factor of f (x) mod p. But by hypothesis f (x) has no repeated factor 
mod p and therefore ¢ (x) can only be an irreducible factor of f (%) mod 9. 
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Hence the primary ideal divisors of [m, f (x)] are simply the factorless 
prime ideals [p, d (x)]. But two different factorless prime ideals are always 
without common factors* and therefore [m. f (x)] is the product® of the 
different factorless prime ideals [p, ¢ (x)]. 


THEOREM 4. Ina ring Rif 
€ = @,,a,,°° - a, 
is the expression for an ideal a as the product of the ideals qa,, az, - - - a 
which are without common factors when taken in pairs, the residue class 
ting R/a is the direct sum of y residue class rings, whose products in pairs 
are all zero and which are respectively simply isomorphic with the residue 
class rings R/a;; 7 = 1, 2,---7. 

Proof. The principle involved in obtaining the expression for the 
residue class ring R/a is no other than the application of the chinese remainder 
theorem to ideal moduli. We here give only a sketch of the proof. 

If 6» =a, 2, ° °° Ay-1 Ap+1 °° * a, ae i Cr 
and jy = 6,/aa and a, =Ap/a 
every element b from ®/a can be uniquely expressed in the form 

b=b, +b.-++: +b, by belonging to hyp. 
Further ay. By = 0 and therefore bp. bp =9 perv. 
The ring R/a is the direct sum of the rings §, bo, - + - by. 
From the general theory of homomorphisms py ~ ®/ay. 

Since the sum and product of two elements in ¥/a are respectively the 
sum of the corresponding sum and product of the elements of the rings 
b;, bs, : - * & we have 

Corollary. Any ideal in R/a is the direct sum of uniquely determined 
ideals in the rings §;, Be, - - « Br. 


5. The Radical of a Commutative Ring. 


An element of a ring is said to be nilpotent if some power of it is zero. 
An element a@ is said to be properly nilpotent if ax and xa are nilpotent for 
every element x in the ring. The totality of the properly nilpotent elements 
form a two-sided ideal which we call the radical of the ring. In a commu- 
tative ring, every nilpotent element is properly nilpotent and therefore the 
radical is formed by the totality of the nilpotent elements in the ring. If 


5 Two ideals are said to be without common factors if their g. c. d. is the unit ideal. 
® W. II, p. 46. 


10 For details see W. II, p. 47. 
A4 
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zero is the only properly nilpotent clement in a ring, we say that the ting 
has no radical. A ring without radical and with minimal condition for 
ideals is called semi-simple. Since the minimal condition is always true in 
an algebra, an algebrais semi-simple when it has no radical. For commu. 
tative rings we have 


THEeoreM 5."* If (0) =[q,, ge, - - - Qs] is the decomposition of the zero 
ideal as the le.m. of primary components, whose associated prime ideals 
Pi, Po, - * - p, are different, the radical of the ring is [p,, p. - - - py]. 


Proof. Tet a be a nilpotent element and therefore a? = 0 for some p, 


a? belongs to 91, G2, °° * Q, 


a belongs to p,, Po, - - - py by the definition of primary ideals. 


Hence all nilpotent elements are in [p,, po, + - - py]. 

Conversely every element of [p,, po, +--+ py] is nilpotent. For if a is an 
element of (p,, po, - - - Bs) and if a?t belongs to gq; then a? must belong to 
fi G2 °° * Qe Where p is the greatest of p,, po,- + - py Hence a? =0, 


[py, Po, * * * B] is therefore the radical of the ring. 


6. The Decomposition of the Ideal m = {(xm — 1, xm —1,- + -x™ —1)} 


in K [%25 oS a Xy\- 


Here two cases arise according as p [the characteristic of the corpus K] 
is a divisor of the product ,, m,,--+n,=N or not. We shall first 
consider the case when p fT N.! 

6-1. In this case the polynomials x7/ — 1 have no repeated factors 
and we have 


THEOREM 6. m is the product of its different factorless prime ideal 
divisors and if the ground corpus K is sufficiently extended, the number of 
prime ideal divisors is equal to N. 

roof. In the polynomial domain K [x,] there is the g.c.d. process and 
every ideal in it is a principal ideal and can be factored uniquely into 
product of prime power ideals. The prime ideal divisors of (x — 1) are 
of the form (¢,) where 4, is an irreducible tactor of x —1. The prime 
ideals (f,) are all factorless prime ideals in K [x,]. Since n, is not divisible 
by the characteristic of the corpus K, x{t — 1 has no repeated factors and 
therefore the ideal (xj — 1) is the product of its different factorless prime 
ideal divisors (¢,). 





tt W.. TT, a. 156, Ex. 7. 
12 »/N means p is a divisor of N. pXN means / is not a divisor of N. 
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Now consider the ideal (x™" — 1, x2 — 1) in the polynomial domain 
K [x,, %]. For this ideal, conditions of Theorems 2 and 3 are satisfied when 
we take K [x,] for ®, x, for x, «*1 — 1 for m and xf — 1 for f (x). If d, 
is an irreducible factor of x —1, and ¢,y is an irreducible factor of 
yw —1, d, is obviously irreducible mod ¢,. Hence by ‘Theorem 2, the 
prime ideal divisors of (xt! — 1, x2 — 1) are of the form (¢,, ¢,) and they 
are factorless prime ideals. ‘Therefore by Theorem 3, (xt —- 1, x42 — 1) is 
equal to the product of its different factorless prime ideal divisors. Thus 
by a successive application of Theorems 2 and 3 we find that the ideal 


(x — 1,292 -1,- + + a -- 1) in K (x, %3,+ + + x,) 1s the product of the 
different factorless prime ideals of the form (,, $2, - - - ¢,) where ¢; is an 
irreducible factor of x%* — 1 fori =1, 2,---¥7. 


If the given corpus K is the corpus of rational numbers 
2° — 1 = IT ¢; (x) 
where ¢ runs through the divisors of m and ¢; (x) is a cyclotomic polynomial.1% 
In this case, the number of factoriess prime ideal divisors of m is equal to 
II d; where d;is the number of divisors of 7;. 


If the ground corpus K is such that the polynomials xt — 1, 7 =1, 
2,-+ +r are completely reducible into linear factors, the factorless prime 
ideal divisors of m are of the form (x,— ¢,, %.— €.,+ + - x, —¢,) where 
Gis an nth root of unity (the unit element of the corpus K) and the number 
of prime ideal divisors is m; y+ + +n, =—N. ‘The theorem is thus complete. 

6-2. The discussion of the case, when p is a divisor of N is quite 
similar, but here, unlike the previous case, the polynomials x% — 1 may 
have repeated factors. If we put 

na = mp* (m, p) =1 
expanding (x” — 1)4* by the Binomial theorem and using the fact that 
pis the characteristic of the corpus K we have! 
(xm — 1)O% = x” - ], 
Analogous to ‘Theorem 6 we prove 

THEOREM 7. mis the product of m primary ideals, whose associated 
prime ideals are different and if the ground corpus K is sufficiently extended, 
mis equal to m4, Mg, - + + m, where n; = m,p*t ; (m;, p) = 1,71 =1,2,-- +7. 

(ii) The product of the different associated prime ideals is the ideal 


(x ao K, == i++ a ~ 1). 








13 For the irreducibility of the polynomials dt (x) see W.I, p. 158. 
14 W. I, p. 87. 
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Proof. Proceeding as in Theorem 6, we find, that the prime ideal 
divisors of m are factorless prime ideals of the form (,, #., --+ o,) where pis 
an irreducible factor of x"* —1 (or x — 1). It follows from the general ideal 
theory that the primary components of m are without common factors when 
taken in pairs and that their l.c.m. is equal to their product. The represen- 
tation is unique and the associated prime ideals are the different ideals 
(b,, by, --- o,). When the ground corpus K is sufficiently extended so that 
the polynomials *"i— 1 are completely reducible into linear factors, the 
factorless prime ideals are of the form (x, — &), ¥, — &,:-+ x, — &,) where 
&; is an mth root of unity and the number of prime ideals is equal to the 
product i, m,:-+ m,, (t.e.) the greatest block factor!’ of N prime to p. The 
second part of the theorem is obvious. 

6-3. The residue class ring K [x,, %s,-++ Xx,]/m.—As an immediate 
consequence of Theorems 4, 5, 6, 7 and Lemma | cor. we have the following 
two theorems. 

THEOREM 8. In the residue class ring K [x,, x2, +--+ x,]/m 


(0) =p. pe «+: px When p F N =, ng ---, My. 
(0) = 192 °** Qn When p/N 
where p; and gq; are ideals in the residue class ring K [4,, x, -- 


-X,]/m deter- 
mined by the ideals p; and gq; in K [x,, x, --- %,]. 


THEOREM 9. (1) The radical of the residue class ring K[x,, x2: + +x,|/mis 
(i) (0) when p # N 


(ii) the residue class ring (w™ —1, x™ — 1, 


a er as L)/m 
when p/N 


(2) The residue class ring of K [x,, x, ---, x,]/m with respect 
to its radical in (ii) is simply isomorphic with the residue class ring 


K [x4, Xq) +++ Xp]/(xt® — 1, x — 1, «++ xm — 1), 
7. The Properties of the Abelian Group-algebra K [G]. 


7-1. Maximal and minimal condition for ideals.—If in every system of 
ideals in a ring, there is at least one maximal ideal (7.¢.) one which is not con- 
tained in another ideal of the system and a minimal ideal (7.e.) one which 
contains no other ideal of the system, the ring is said to have maximal and 


minimal condition for ideals. Every algebra has maximal and minimal 





‘5 A factor A of B is said to be a block factor if A is prime to B/A, 
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condition for ideals. In particular, the Abelian group-algebra has maximal 
and minimal condition for ideals.!¢ 


7 ) 


7-2. Properties when p Tf N.—From the preceding paragraphs it 
follows that in this case the Abelian group-algebra is semi-simple and it is 
the direct sum of mutually annulling corpuses. When the ground corpus K 
is sufficiently extended the number of corpuses is equal to the order of the 
group. In this case it is easy to see that the N corpus are simply isomorphic 
with the ground corpus K. For, the corpuses have been shown to be simply 
isomorphic with 

K [%1,%e, +++ %y]] (%1 — $1, %e — be, «+> X — by) 

where Z; is an ;th root of unity. If we choose the new variables y,, V9, +++ Vy 
such that yy = x, — Cy for v = 1, 2,---7. 

K[xq, Xa, °° + Xy]/(%1— Oa, Xe — Ca, + Xr — Cy) = K [9s Yer ++ Me] (Ma Yer + °° Yr) 

~ K. 

This corresponds to the fact that in a general semi-simple algebra, when the 
ground corpus K is sufficiently extended, the algebra is the direct sum of 
mutually annulling simple rings, each of which is simply isomorphic with 
the total matric algebra over a corpus, which is inverse isomorphic with the 
corpus of automorphisms of the corresponding simple ring.!” 


It may be noted that K [G] is never simple except in the trivial case, 
when the group G consists of the identical element only. ‘The general group- 
algebra is also never simple, for it always contains the two-sided ideal 
(0, +22 + +++ gw) generated by the sum of all elements of G. 


THEOREM 10. Every ideal in K [G] is a principal ideal and also idem- 
potent. 

Proof. Tet K [G] be the direct sum of the 1 corpuses K,, Kg,---K,,. 
By Theorem 4, cor. any ideal in K [G] is the direct sum of ideals in K,;, 
(ij =1,2,---n). But the K,’s are corpuses and there are only two ideals in 
a corpus, the zero ideal and the unit ideal. Therefore an ideal in K [G] is 


generated by an element of the form #, + 4, +--+ + 4, where u; is either 





16 This fact may be directly proved for the residue class ring K [11, +2, rrJ]/py. The 
maximal condition for ideals is equivalent with the finiteness of the divisor chain of ideals 
which is again equivalent with finite basis for ideals in the ring. The maximal condition is 
trie in K [1, 2, xy] and therefore it is also true in the residue class ring K [41,4%2,+7]/m. 
Ina ring ¥ with maximal condition for ideals, the necessary and sufficient condition for 
minimal condition for ideals in a residue class ring R/g is that every prime ideal divisor of 
ain & is a factorless prime ideal. We showed that the prime ideal divisors of yy are 
factorless prime ideals. Hence the minimal condition for ideals in K [x1, ro, + * xy]/M. 
17 See W.II, p. 26 and pp. 153-54. 
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the zero element or the unit element of K;. It follows that the ideals in 
K [G] are principal and idempotent and that the number of ideals is 2”, 
Since the zero ideal in K [G] is the product of different factorless prime 
ideals and every ideal is a divisor of the zero ideal, it follows that every ideal 
in K [G] is the product of different factorless prime ideals. 
THEOREM 11. ‘The units in K [G] are the elements in the direct sum 


ay - K,’ + Paeee® + K,, 
where K,’ consists of all elements of the corpus K; except its zero element, 
The remaining elements in K [G] are all divisors of zero. 

Proof. Since K; is a corpus, every element in K,’ has an inverse. Let 
x =x, +x,’ +---+4x,’ be any element in the direct sum K,’ + K,’ +.. 
+ K,,’ and y;,’ be the inverse of x,’ in K; then y = y,’ + y.’ +--+ + 


is 


Vn" 
the inverse of x in K [G] and therefore every element in K,’ + K,’ + 
+ K’, is a unit. On the other hand, ifa =a,’ +a,’ +--+ +a,’ is an 
element in K [G] and some of them say a,., a,,,-+-dr, are the zero elements 
of the corpuses K,,, K,,,---Ky, where 7,, 72, +++ 7, are numbers in 1, 2, ---n 
and if we take the element b =), +b, +--+ +b, in K [G] which is such 
that at least one of b,,, b,,, - - + Oy is different from the corresponding 
dy,, Ay,, *** Ay, and the remaining 4’s are zero elements in the corresponding 
corpuses then, 

ab =0, a+0,0 0. 

7-3. Properties of K [G| when p/N.—In this case, K [G] is the direct 
sum of primary rings. We can show that there are only a finite number of 
ideals in K [G] and that the units in K [Gj are the elements in the direct sum 
of the units of the component primary rings and the remaining elements in 
K [G] are all divisors of zero. But the important properties of K [G] in this 
case are connected with its radical. 


THEOREM 12. If G, is the Sylow component of G associated with the 
prime p (the characteristic of the corpus K) and if S,, S., --- Sz are a set of 
basis elements of G,, the radical of K [G] is the ideal (S, — E, S, — E, 
S,; -- E), where E is the identity element of G. 

Proof. A set of basis elements for G can be taken, for which the orders 
of the basis elements are prime powers. Such a set of basis elements is in 
fact the system of basis elements of the Sylow components of G. Therefore 


S,, Se, -++ Sz can be taken as a part of the basis elements P,, P,, --- P, say 
let S; = P; for? =1, 2, --- k. By Theorem 9 the radical of K [G] is the 
ideal (P% —E, Py? —E,--- Pe —E). Hence m, =m, =--- m =1 


and m,,, etc., are all equal to the corresponding n’s in which case p” — E = 
p” —E =0. Hence the radical is (P} —E, P, —E,--- Py —E). 














n 
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It is well known that the residue class ring of an algebra with respect 


to its radical is semi-simple. In the case of the Abelian group-algebra we 
identify this semi-simple ring with another Abelian group-algebra. By 
Theorem 9 it follows that the residue class ring of K [G] with respect to its 
radical is simply isomorphic with 

K [%1, %o, -+* Xp] | (4 — 1, x — 1, --- xr — 1) 


which is simply isomorphic with the Abelian group-algebra defined by an 
Abelian group which has a set of basis elements of orders m,, My, ++ * My. 
We have therefore established the 

THEOREM. If the characteristic p of the ground corpus K is the prime 
associated with the Sylow component G, of G, the residue class ring of K [G] 
with respect to its radical is K [G/G,] defined by the factor group G/G,. 

I wish to thank Dr. R. Vaidyanathaswamy, M.a., p.sc., for his kind 
assistance in the preparation of this paper. 








STUDIES IN THREE COMPONENT SYSTEMS. 


Part I. Systems Composed of Sulphuric Acid, Water and either Zinc 
Sulphate or Magnesium Sulphate. 


3y N. K, JosHr AND S. C. DEVADATYA. 


(Irom the Chemistry Laboratories, Wilson College, Bombay.) 
Received September 9, 1937. 


THE results of the solubility measurements of zinc sulphate hepta-hydrate 
at various temperatures up to 100° C. showed that on raising the temperature, 
the hepta-hydrate progressively turned into the lower hydrates—the hexa 
and the mono. ‘The transition temperatures are: ZnSO,, TH,O to 
ZnSO ,:6H,O, 39°C. and ZnSO,-6H,O to ZnSO,-H.0O, 70°C. The 
presence of these hydrates could be established as they are stable over a wide 
range of temperatures. These results, however, cannot be taken to exclude 
the possibility of the formation of intermediate hydrates between the hexa- 
hydrate and the mono-hydrate which might he stable over a narrow range of 
temperature. 

Similarly the solubility measurements of magnesium sulphate in water 
at different temperatures showed the presence of three stable hydrates—the 
hepta, the hexa and the mono with transition points at 48°C. and 68°C. 
Various other hydrates like the penta, the tetra and the five-fourths are 
claimed by several investigators.? 

It is known that the addition of sulphuric acid in sufficient quantity to 
the saturated solution of a hydrated salt, with which the acid does not react, 
will cause the salt to crystallise, either as a lower hydrate or in the anhydrous 
condition. This property cf sulphuric acid of producing lower hydrates of 
different salts has been used by Tabonry?, D’Ans,? Van Dorp,4 H. W. Foote® 
and others. Sulphuric acid being soluble in water in all proportions, it is 
possible to increase the concentration of the acid to any desired extent. 
But this method is applicable only in the case of sulphates, as the sulphuric 
acid will react chemically with other salts. 





1 Cf. T. E. Rozbiersky, Sitsler. Akad., Berlin, 1899,340 ; Takegami, Mem. Coll. Sci. 
Kyoto Imp. Uni., 1921, 4, 317. 
Compt. rend., 1914, 159, 180. 
Z. Anorg. Chem., 1906, 49, 356 ; 1909, 61, 91. 
Z. Physik. Chem., 1910, 73, 289. 
J. Amer. Chem, Soc., 1915, 37, 290, 
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Studies in Three Component Systems—1 


In order to detect the presence of intermediate hydrates of zinc sulphate 
and of magnesium sulphate, the study of the systems composed of sulphuric 
acid, water and zinc sulphate (or magnesium sulphate) was undertaken. 


On applying the Phase Rule —F =n +2 —,7 to the systems of three 
components, viz., zine sulphate (or magnesium stilphate), sulphuric acid and 
water and of three phases, vz., solid hydrate, solution and vapour, we see 
that these systems are divariant. It means that even though the temperature 
is arbitrarily fixed (within certain limits), the hydrate can exist in contact 
with solutions of varying composition. If two hydrates are present, the 
system becomes univariant and the hydrates would be in equilibrium with 
a solution of definite composition at any arbitrarily fixed temperature. 
The relative proportions of the solid hydrates, however, can change and 
hence the composition of the solid residue as a whole will vary. 
aces, In a series of solubility determinations of a salt in 
|| presence of different concentrations of sulphuric acid, 
| the existence of pure hydrate is indicated, if the compo- 


|“ sition of the solution varies while that of the residue 
| | remains constant. On the other hand, if the solubilitv 
| |, remains constant, but the residue varies in composition, 
w " 2 it follows that thete must be two hydrates in equilibrium. 
“7 ai It is possible, therefore, to detect by this method all the 
| iz r ) stable hydrates of normal sulphates at any convenient 
. i \ temperature. 
re it he The apparatus for solubility measurements was a 
i 4! f pair of bottles joined to each other by a rubber stopper 
\ i) |/ and two glass tubes as shown in the diagram. This ap- 
) 


ana paratus was designed by N. Campbell.6 It possesses the 
| ) advantage of compactness, simplicity and of filtering the 

solution from the solid residue dy merely inverting it 
| in the thermostat. This apparatus works well and is 
|b found suitable for Phase Rule studies involving the 
| analysis of a solid phase. Actual procedure is to take 
| 5 c.c. of distilled water and excess of salt hydrate in one 
of the bottles and then to add increasing amounts of 








"Rcisiaeseteannmeeenased 


Solubili , ; . F - : 
nadia sulphuric acid. These bottles were fixed to a stirrer of 


an electrically regulated water thermostat and were rotated till equilibrium 
was attained (7.¢., for about 12 hours). On inverting these bottles in the 


® J. Chem. Soc., 1930, 179. 
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thermostat, the solution filtered through glass wool into the lower empty 
bottle. The solid residue and the solution were then analysed. 


Zinc was estimated volumetrically by titrating it against standard 
sodium sulphide solution using sodium nitroprusside as an external indicator 
and magnesium was estimated gravimetrically as magnesium pyrophosphate. 
The total sulphate was determined by the usual method of weighing the 
barium sulphate formed. By subtracting the weight of sulphate 
corresponding to zinc or magnesium, the weight of free sulphuric acid was 
determined. Water was always determined by difference. 


"1s 
a 


wo metheds were adopted for determining the composition of the 
solid phase. The ‘‘ Dry residue ’’ method of H. W. Ioote? and the “ Residue 
method ’’ of Schreinemakers.§ Both these methods were tried and were 
found to give identical results. The results obtained with Schreinemakers’ 
method only are given here. This method is based on the principle that 
the composition of the solid with adhering mother-liquor when plotted on a 
triangular graph lies on a straight line joining the points representing the 
compositions of the solution and the dry solid phase. Thus when at least 
two diiferent solutions are analysed together with their residues, the 
composition of the pure solid is found by extrapolation. This method of 


extrapolation is only useful when the solid consists of one phase of constant 
composition. 


The results obtained with zinc sulphate at 30°C. and at 45° C. and with 
magnesium sulphate at 30°C. are given in Tables I, II and III respectively. 
Out of several readings only significant and necessary ones are given. 
Results of the systems zinc sulphate, or magnesium sulphate, sulphuric 
acid and water are plotdte on the triangular graphs. 





7 J. Amer. Chem. Soc., 1912, 34, 880 ; 1914, 36, 1695. 
8 [bid., 1924, 46, 1766. 
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MgSOq 0 
too 








GrapH 3. MgSO,—H2SO,—H:20 at 30°C. 


In these cases there are three components, zinc sulphate (or magnesium 
sulphate), sulphuric acid and water, and three phases solid, solution and 
vapour, the system, therefore, is divariant. With the temperature arbitrarily 
fixed the system has only one degree of freedom and the solution in 
equilibrium, can vary in composition. If there are two hydrates, the 
system becomes univariant, z.c., the solid composed of two hydrates can he 
in equilibrium with a solution of definite composition at anv arbitrarily fixed 
temperature as could be seen from Tables I, IZ and III. 

Graph | shows that the solid has a constant composition as required by 
the formula ZnSO, - 7H,O whereas the composition of the solution varies 
from 0 gm. of sulphuric acid and 38-88 ym. of zinc sulphate to 9-64 gm. 
of sulphuric acid and 50-34 gm. of zine sulphate per 100 gm. of solution. 
But when the composition of the residue changes from that required by the 
formula ZuSO,-7H,O to give a mixture of two hydrates, the solution has 
only one composition, viz., 10-43 gm. of sulphuric acid and 30-52 gm. of 
zine sulphate. Any attempt to change the composition of the solution even 
slightly by the addition of more sulphuric acid invariably results in the forma- 
tion of lower hydrate, having the-composition expressed by the formula 


ZnSO,:6H,O. The solid phase again shows a constant composition of 
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TABLE I. 
Zinc Sulphale—Sulphuric Acid—Water at 20°C. 


‘Wet Residue Method.’’ 














Grams per 100 grams of Grams per 100 grams of 
solution wet residue 
a a a - Solid pliase 
H.SO, | ZnSO, | H,O | H,SO, | ZnSO, | H,O 
| 
ae a | : : i 
0-00 38-88 | 61-12 0-00 | 58-66 | 43-34 | ZnSO,-7H,O 
1-98 | 36-47 | 61-55 0-98 | 50-65 | 48-37 "i 
4-05 | 34-78 | 61-17 1-56 | 47-32 | 51-12 
7-23 31-39 60-38 1-12 52-09 18-79 ‘ 
10-43 30-52 | 59-05 1-42 54:61 | 43-77 | ZnSO,-7,HO& 
| ZnSO,-6H,0 
12-41 | 29-12 | 58-47 | 1-28 56-78 | 41-99 | ZnSO,-6H,O 
| j | 
17-27 26-98 | 55-75 0-87 58-19 | 40-94 7 
21-15 | 26-02 | 52-83 2-06 56-69 | 41-25 | ‘i 
2-89 | 25-72 | 51-39 | 1-77 71-35 | 26-88 | ZnSO,-6H,O & 


ZnSO ,-H,O 
| ZnSO,-H,O 
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TABLE IT. 
Zinc Sulphate—Sulphuric Acid—Water at 45°C, 


‘* Wet Residue Method.’’ 














Grams per 100 grams | Grams per 100 grams 
of solution of wet residue | 
a. /~ ( aie | Solid phase 
H.80,| Zn8o, | H,0 | H,SO, | ZnSO, | HO 
: : : 
0-00 | 12-25 57-65 0-00 59-62 40-38 | ZnSO,-6H,O 
1-23 | 40-31 | 58-46 0-34 5dD-67 43-99 9 
D+ 31 | 34-88 59-31 1-32 55-56 43-12 ° 
9-98 32-46 57-56 1-01 57-48 41-51 
16-37 30-21 53-42 1-53 57-58 10-80 9 
18-48 29-51 52-01 1-23 67-31 31-46 | ZnSO,-6H.0 & 
ZnSO ,-H,0 
21-29 25-35 53-36 1-57 85-45 12-98 | ZnuSO,-H.O 
24-34 21-038 | 54-63 2-82 83-91 13-27 ee 
29-36 15-44 55-20 2-84 83-72 13-44 ” 
34-86 10-95 =| 54-19 | 2-33 | 84-97 12-70 m 
12-89 6-55 50-56 3°98 | 82-64 13-38 9 
54-27 2-08 43-65 | 3°29 84-38 11-33 9 
60-73 | 1-00 38-27 5-71 | 81-27 13-02 ‘9 
75-97 0-56 | 23-47 3:01 | 86-20 10-79 - 
82-92 | 0-00 | 17-08 £-32 | 85-46 10-22 * 
nbiletidindecl 























ee 


TABLE III. 
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Magnesium Sulphate--Sulphuric Acid—Water at 30° C. 


‘* Wet Residue Method.” 





Grams per 100 grams 
of solution 


Grams per 100 grams 
of wet residue 





| 
| 
| 
| 


| 


Solid phase 























H,SO, | MgSO, | H,O | H,SO, | MgSO, | H,O 

nee - ) : ! 

0-00 | 28-12 71-88 | 0-00 | 48-20 | 51-80 | MgSO,-7H,0 

1-94 26-89 | 71-17 | 0-45 | 46-24 | 53-51 | ‘9 

349 (25-54 =| 70-97 | 0-76 | 45-38 | 53-86 ‘9 

6-82 | 23-11 | 70-07 | 1-00 | 44-68 | 54-32 | P 

9-24 | 21-79 | 68-97 | 2-31 | 12.91 | b4-78 | i. 

14-78 19-23 | 65-99 | 2-09 | 44-18 | 53-73 | 

19-98 | 17-50 | 62-43 | 3-23 | 43-76 | 53-01 | e 

21-58 16-97 61-45 | 2-15 45-67 | 52-18 | ‘ 

28-42 14-99 | 56-59 | 2.37 45-71 | 51-92 | ‘ 

35-28 | 13-40 | 51-32 | 2.79 15-73 | 51-48 ‘“ 

39-09 | 12-86 | 48-05 | 1-32 | 47-51 | 51-17 " 

13-18 12-82 44-00 | 3-58 16-36 | 50-06 | MgSO,-7H,O & 
| | MgSO,-6H,O 

19-38 9-95 | 40-67 | 1-63 19-34 | 49-03 MgsSO,:6H,O 

56-21 7-92 | 35-87 | 1-55 49.57 | 48-88 

65-34 1.87 | 29.79 | 2-11 49-05 | 48-84 . 

74-01 2.96 23-03 | 2.05 19-12 | 48-83 ” 


MgSO ,-H,O 
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60-20 gm. per 100 gm. of the residue even though the composition of the 


solution changes considerably. On further addition of sulphuric acid we 
get a mixture of two hydrates—the hexa and the mono, which are in equili- 
britum with a solution of a definite composition, v7z., 23-00 gm. of sulphuric 
acid and 25-89 em. of zine sulphate per 190 gm. of the solution. Further 
addition of sulphuric acid changes the hexa hydrate into mono hydrate 
completely. The stable hydrates of zinc sulphate are the hepta, the hexa 
and the mono. It may be noted that anhydrous zine sulphate was not 
formed by heating the hydrate with water even to 100°C. nor by adding 
xcess of sulphuric acid. ‘The solubility of zinc sulphate decreases from 
38-86 gm. to 0 gm. per 100 gm. of solution when the amount of sulphuric 
acid increases from 0 gm. to 81-10 gm. per 100 gm. of the same solution. 


Exactly sinilar information is gathered from Table II where the first 
stable hydrate is the hexahydrate instead of the hepta as the temperature 
of the experiment was 45°C. 


a 


he results obtained with system magnesium sulphate, sulphuric acid 
and water at 30°C. are embodied in Table III. By applying Phase Rule 
to the study of the svstem, we get the hepta, the hexa and the mono as the 
stable hydrates of magnesium sulphate. In this case also the anhydrous 
magnesitun sulphate was not obtained by adding even 85-82 gm. of sulphuric 
acid nor by raising the temperature of a mixture of magnesium sulphate 
and water upto 100° C. 


In conclusion, it can be stated that the addition of sulphuric acid toa 
higher hydrate in order to study its lower hydrates at room temperature is 
a very convenient method, though rather limited in its application. In the 
two cases considered we have not been able to substantiate the claims of 
various workers for hydrates intermediate between the hexa and the mono. 


We are grateful to Prof. P. M. Barve for his helpful suggestions. 
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DoUBLE salts of zine sulphate and magnesium sulphate with varying amounts 
of water of crystallisation are reported. J. I. Pierre! reported the formation 
of double salt having the formula ZnSO,, MgSO,, 14H,O. R. Hollmann? 
reported a double salt having the formula ZnSO,4, 2MgSO,, 21H,O. The 
existence of these salts was contradicted by E. Barchet® and by H. G. K. 
Westenbrink.4 


With the idea of studying the suitable conditions for the formation of 
double salts of zinc sulphate and magnesium sulphate, the system zinc 
sulphate, magnesium sulphate and water was investigated at 30°C. and 
at 45°C. Experimental procedure was the same as that adopted in Part I.5 
The solubility of zinc sulphate, in aqueous solutions of magnesium sulphate, 
was determined by adding excess of zine sulphate to 5 c.c. of an aqueous 
solution of magnesium sulphate of different concentrations in a solubility 
bottle. ‘The bottle was shaken for three days to ensure the attainment of 
complete equilibrium. In a similar way, the solubility of magnesium 
sulphate in aqueous solutions of zinc sulphate of different strengths was 
determined. ‘The solubility of a mixture of zinc sulphate and of magnesium 
sulphate, when both were in excess, was also determined. Zinc, magnesium 
and water were estimated by methods indicated in Part I (loc. cit.). 


The results obtained at 30°C. are given in Table I and plotted on a 
triangular graph. ‘The results obtained at 45°C. are given in Table IT. 





1 Ann. Chim. Phys., 1846, 16, 244. 
2 Zeit. Phys. Chem., 1901, 37, 204 ; 1902, 40, 578. 
* Neues. Jahrb. Nin. B. B., 1904, 18, 399, 
4 Proc. K. Acad. Wetenskap. Amsterdam, 1926, 29, 1374. 
® Proc. Ind, Acad. Sci., (A), 1938, 7, 130. 
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ZnSO4— MgSO, — H20 at 30°C. 


It is seen from Table I that when the concentration of magnesium 
sulphate increases from 0 gm. to 11-99 gm. the solubility of zine sulphate 
decreases from 38-88 gm. to 21-60 gm. per 100 gm. of solution. When 
both magnesium sulphate and zinc sulphate are added in excess, their 
solubilities per 100 gm. of the solution are 13-33 gm. and 20-56 gm. res- 
pectively. Similarly, the solubility of magnesium sulphate decreases from 
28-12 gm. to 14-26 gm. when the concentration of zinc sulphate increases 
from 0 gm. to 18-57 gm. per 100 gm. of solution. 


When the results of the solubility measurements are plotted on a tti- 
angular graph, we get a simple two-branched curve ABC (Fig. 1) made 
up of two parts AB and BC. This shows that there is no possibility of a 
double salt because when a double salt is formed a three-branched curve is 
obtained. The lines joining the points for the composition of the solution 
and of the wet residue for each equilibrium mixture, when extended, should 
meet at a point giving the composition of the solid phase in equilibrium. 
It is seen that for mixtures Nos. 1 to 6 (Table I) the solid residue is practically 
pure zinc sulphate hepta-hydrate, whereas for mixtures Nos. 14 to 17, it is 


practically pure magnesium sulphate hepta-hydrate. For intermediate 








TABLE I. 


Zinc Sulphate—Magnesium Sulphate—Wuter 
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at 





Grams per 100 grams 
of solution 


Grams per 100 grams 
f wet residue 





| 
| 
| 
| 
| 
| 


| 


ZnsoO, 





Equilibrium 
mixture No. : 
| MgSO, | ZnSO, H,O 
| | 2 
| 
Le : 7 
1 | 0-00 | 38-88 | 61-12 
| | 
2 | 0-58 | 35-65 | 63-77 
| | | 
3 1-67 32-68 65-65 
{ | 1-96 | 32-06 | 65-98 








| 


56-66 


50-56 


51-75 


{9-42 


“19 








30° €. 
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TABLE II. 


Zine Sulphate—Magnesium Sulphate—Water at 45°C. 





| Grams per 100 grams Grams per 100 grams 
ee of solution of wet residue 
Equilibrium — | | 
mixture No. | 





| MgSO, | Zns MgSO, | ZnSO, 





| { 
| -00 | 59-62 





6-3: 


3- 


0-00 | 67-75 | 48-20 











| 

| 

| | 

‘i: 68-16 | -63 | 45 | 
| 

} 





mixtures Nos. 7 to 13, the lines referred to above do not meet at a point, 
showing that the solid residue is not a pure substance but is a mixture. The 
curve definitely shows that at 30°C. there is no possibility of the formation 
of a double salt. 
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It may be pointed out that the form of the zsothermal solubility curve 
at 30°C. does not preclude the formation of double salts at some other 
temperature. It is known (Findlay) that a double salt breaks up into its 
constituent salts above the transition temperature if the double salt forma- 
tion is exotherinic and below the transition temperature if it is endothermic. 
For want of sufficient information regarding the solubility, the transition 
point and the heat changes involved in the formation of the reported 
double salts, it is difficult to state what conditions will be suitable for their 
formation. 

Results obtained at 45°C. also do not indicate any double salt formation 
at that temperature. The question of suitable conditions for the formation 
of double salts will be satisfactorily settled after working at various tempera- 
tures and allowing sufficient time for the mixture to attain equilibrium. 

The equilibrium mixtures Nos. 7-13 reveal an interesting fact that the 
solid residue is not a pure substance but a mixture. If the solid consists 
of two phases, the system must become univariant, 7.e., the composition of 
the solution should not change once the temperature is fixed. But it is 
actually found that the solution varies widely in composition and is yet in 
equilibrium with the solid. The results therefore lead to the conclusion 
that mixed crystals are formed. 

This case corresponds to that of partial miscibility of two liquids. 
Zinc sulphate dissolves magnesium sulphate until the concentration of the 
latter in the mixed crystals reaches a certain value. Further addition of 
magnesium sulphate does not alter the composition of the mixed crystals, 
but leads to the formation of a second solid phase consisting of a solution of 
zine sulphate in magnesium sulphate. At this point, there being two solid 
phases—a solution of magnesium sulphate in zinc sulphate and vice versa— 
the system is univariant and is represented by the break at B in the isotherm 
ABC. ‘Three transition points appear to be indicated in the curve ABC. 
Of them A’ and C’ are fictitious and are probably due to the fact that under 
the experimental conditions there was no attainment of equilibrium owing 
to the fact that diffusion of ions into the crystal lattice (e.g., magnesium ion 
into the erysial lattice of zinc sulphate) is a slow process. 


We are grateful to Prof. P. M. Barve for his helpful suggestions. 
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1. Introduction. 


THE Raman frequencies of simple molecules have been of great help in the 
past in verifying the dynamical theory of molecular vibrations and Placzek’s 
polarisability theory of the Raman lines. The complete spectra of these 
substances often give valuable clue to the ultimate structure of their mole- 
cules. In the course of the investigations of the author on the Raman 
spectra in the field of inorganic chemistry, which has appeared in these Pyo- 
ceedings during the past four years, he has obtained some new unpublished 
results in the spectra of telluric acid, and of the chromate, molybdate, tung- 
state, periodate, bisulphate, chlorate, bromate and azide ions as both solids 
and aqueous solutions. The present paper gives a discussion of these results 
in relation to the structural properties of these compounds. 
2. Experimental. 

The substances included in the study were Kahlbaum’s extra-pure 
chemicals and were purified and obtained in good crystalline form by slow 
crystallisation from the solution of these salts in distilled water. A Fuess 
spectrograph with a dispersion of about 20 A and a Hilger two-prism spectro- 
graph with a dispersion of 28 A in A 4358 region were used in the investiga- 
tion. The exciting lines are A 4046 and A 4358 of the mercury arc except 
for the chromates for which the green line A 5461 was used. For sodium 
azide and telluric acid crystals, Ananthakrishnan’s (1937) technique of com- 
plementary filters was employed. The plates were measured by means of a 
Hilger cross-slide microscope in comparison with an iron arc spectrum. 

3. Results. 


The results of the investigation are given in Tables I-VI along with 
the visual estimates of intensities of the lines. The letters in the tables 
have the following significance: sh ==sharp, d = diffuse, b = broad, 
vb = very broad, st =strong, m = medium intensity, w = weak, P = polar- 
ised (p < 6/7) and D =depolarised (p = 6/7). The concentration of the 
aqueous solutions is expressed in grams of salt per hundred grams of water. 
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TABLE I. 


The Raman Spectra of Some Inorganic Compounds 


Telluric Acid (Raman Frequenctes in cm.—}). 

































































State of sub- | yy Vo v, | O-H Ai x 10-5 aixigs © == x10-s 
stance | dynes/cm. dynes/cm, dynes/cm. 
a — . i ee Senn eee 
H,TeO,-2H,O;| 670 657 | 365 3121 3-97 0-054 0-283 
crystals (10 sh)| (0) (2) (0 db) 
H,TeO, 647 | 624 | 357 | Water || 3-54 0-091 0-251 
26% aq. solu-| (10) | (1b) | (30) band 
tion Pp D D 
TABLE IT. AX, Ions (Raman Frequencies in cm.-}). 
No. | Substance Vy Vy Vs | V4 
a aia | 
1 | Na,CrO, (erys.) 859 (7) | 491 (1) 863 (1) | 504 (0) 
2| Na,CrO, 46% solution 859 (10) | 481 (2) | 874 (0 d)| 503 (1) 
3 | K,CrO, (erys.) 859 (6) 486 (1) | 877 (0) | 513 (0) 
4 | K,CrO, 60% solution 853 (10) | 486 (3 d)| 879 (1b)| 513 (1) 
5 | (NH,).CrO, 20% solu- 
| tion 838 (5) | 483 (0) ? ? 
6 | (NH,).MoO,-2H,0 (erys.)| 936 (10) | 218 (2) | 915 (1) | 360 (1) 
| 893 (3) 
| 874 (0) 
7 | (NH,). MoO, saturated 944 (10) | 218 (3) | 896 (4 b)| 367 (2b) 
| solution 
8 | Na, MoO, saturated | 897 (8) 241 (0) | 841 (1 b)| 317 (4b) 
solution | | | 
9 | Na,WO, 40 % solution ..{ 934 (10) | 325 (4)| 840 (2) | 452 (0) 
50 em.-! | 
broad | 
10 | KIO, erystals ..| 795 (10) | 277 (4) | 828 (0) | 337 (2) 
295 (1) | 842 (3) | 349 (1) 
| 851 (1) | 736 (Od)? 
11 | KHSO, anhydrous solid | 944 (4) | 455 (3 b)| 1187 (1) | 737 (0 d) 
| 1026 (6) | 1240 (4) | 853 (1) 
| 1360 (0) | 
| | 
12 | H,SO, (50°) 982 (2) 426 (3) 1172 588 (4) 
1038 (5) 1234 897 (3) 
| 1341 | 
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TABLE III. (Force constants of AX, ions). 

Fim | 4 | » } ove | ete | Goa 
| 

| CrO,” | 859 481 | 503 4-82 0-53 
|M,O,”" | 936 218 | 360 | 6-1 0-61 
| WO," | 934 325 | 452 | 4-5 0-92 
}10, | 795 286 | 842 | 343 | 4-6 1. 

| so,” | 835 | 342 | 875 | 415 | 4-22 | 0-59 








1-64 
0-09 


| 
| 
| 
| 0-07 
| 
| 





Substance 


TABLE IV. 


AX, Ions (Raman Frequencies in cm.—), 




















V; || Ve || Vgt vat 
BaClO, (crys.) .. 910 (0) 492 (0) 612 (0) 
930 (10) 
| KCIO, (erys.) 915 (1) 478 (3) 977 (4) 615 (1) 
929 (10) 493 (0) 
KCIO, 7% 930 (10) 478 (4) 977 (1) 3 
| svlution 
NaClO, (crys.) 905 (2) 495 (1) 615 (0) 
930 (5) 
| NaClO, 100% 927 (10) 473 (5b) 971 (2 vb) | 611 (3b) 
solution 
| Mg (BrO,). 789 (0) 334 (0) 828 (0) 
crystals 799 (10) 368 (1 dD) 
| KBrO, 778 (3) 333 (1) 813 (1) 
erystals 796 (10) 357 (2) 830 (2) 452 (0) 
3 | KBrO, 6% 796 (5) 
| solution 
| NaBrO,; 797 (10) 357 (2) $22 ( 452 (1) 
erystals 378 (2) 842 (3 
| NaBrOg 45% 806 (10) 346 (3) 461 (0) 
| solution 
| 
| LilO, erystals 765 (10) 332 (1) 813 (1 459 (0) 
781 (3) 309 (6) 799 (6) 




















TABLE V. 


The Raman Spectra of Some Inorganic Compounds 


(Force constants of AXz tons.) 


















































2 | | | es 
oe x 10° | £¢° xX 10-5 
No Tor “" v2 ¥3 | V4 | p He i dynes/cm. B 
ee } 
ae | we | | 
1 | ClO, | Author 930 | 615 | 977 | 478 | 7-26 | 3-79 53°-18’ 
} | | 
| 
Shen and | 930 | 610 | 982 | 479 | 5-55 | 6-42 | 54 
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4. Discussion of Results. 


H.TeO, - 2 H.O.—Nisi 


(1929) 


has 


reported 


Raman line of medium intensity at 848! for a 15 per cent. aqueous solution of 
telluric acid, and has attributed it to the ‘ breathing oscillation ’ of the tetra- 


hedral ion TeO,”’. 


In the present investigation both the solid and aqueous 


1 The numbers in these pages signify wave-numbers incm,~ 


one 
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solutions of this acid has yielded four lines,? (Table I), out of which the 
broad band at 3121 obviously belongs to the O-H group. The frequency 
of this linkage is too low to be attributed to the free water of crystallisation 
and as has been pointed out in an earlier paper (Venkateswaran, 1938), it 
is characteristic of the O-H group involved in a hydrogen bond. The ab- 
sence of the well-known bands of the water of crystallisation (Anantha- 
krishnan, 1937), in telluric acid indicates that the two molecules of water 
in the crystals of H,eO,-2 H,O do not remain as such in the compound, 
but goes to form the molecule Te (OH),. If this molecule has octahedral 
symmetry, it would have three normal modes of vibration, which are active 
in the Raman effect. Out of these three, one corresponds to the symmetri- 
cal oscillations of the molecule and is single and would appear as a very 
intense and polarised Raman line. Of the other two, one is doubly degene- 
rate and the other is triply degenerate and they would appear as_ weak, 
diffuse and depolarised Raman lines. The spectrum obtained for telluric 
acid, both in the solid and in aqueous solution, clearly indicates that it is octa- 
hedral in structure. The study of polarisation of these lines has shown that 
the intense line at 647 in the solution is more or less completely polarised 
and therefore, belongs to the symmetrical oscillation v,. The other two 
frequencies 624 and 357 are depolarised and have to be assigned to the doubly 
degenerate frequency, vy, and to the triply degenerate frequency v5, respect- 
ively. These three lines of the solution are shifted to higher frequencies 
in the solid state. 


Nagendra Nath (1934) has worked out the theory of the oscillations 
of octahedral molecules and given the following relations for the frequencies 
v1, v2 and v3. 





1 oe 

y= Sac Jax ( + 4 Rip 9 2 #4. 4 ki (I) 
l l aes : 

t= one qf ag Ut + BRP 2 Be (1 


w= NE (4*5 M + Lae + 22) (III) 
=77C Ms, 


where mg is the mass of the peripheral atoms. Neglecting the constants 
k¥ and k“ which are usually small, the primary valence constant k, the 
repulsion constant k*, and the sum of the directed valerce constant and the 





2 A reference to the spectrum of telluric acid and its structure was made by the author 


in Curr. Sci., 1937,6, 5. Subsequently, Gupta (Nature, 1937, 140, 685) has also reported 
three lines for the aqueous solution. 
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Ri + 
intravalence constant, —j,-~ may be calculated from a knowledge of the 


three Raman-active frequencies. These constants for Te (OH), are given 
in Table I and are of the right order of magnitude. Though the frequencies 
in the solid and the aqueous solutions vary slightly, these three constants 
are approximately the same in both cases, thus indicating that the molecule 
preserves its identity throughout. It may be mentioned that the spectruin 
of telluric acid is strikingly different from those of its homologues, viz., sul- 
phuric acid and selenic acid (Venkateswaran, 1936). 
AX, Ions. 


Molecules of the AX, type have nine normal modes of vibration and have 
been treated theoretically by Nagendra Nath (1934) in an exhaustive manner. 
If they possess tetrahedral symmetry, they reduce to four; the oscillation 
corresponding to the totally symmetric mode v, is single and polarised, r, 
is doubly degenerate and v, and vy are triply degenerate. All the four modes 
of vibrations are active in the Raman and only vg, and vy, are active in the 
infra-red spectra. 


1. Chromate ion.—The Raman spectrum of 13 per cent. aqueous solution 
of sodium chromate has been studied by Nisi (1929) and has yeilded one diffuse 
line of medium intensity at 855. In the present investigation, the spectra 
of the sodium, potassium and ammonium salts have been obtained both in 
the solids and in the aqueous solutions. In general, four frequencies have 
been observed, of which the line at 859 is sharp and very intense. It is 
accompanied by a comparatively faint line at about 877. Nisi has probably 
observed these two together as a single diffuse line. Of the other two lines, 
486 is more intense than 503. The spectra indicate that the chromate ion 
is tetrahedral and the probable assignment of the lines are given in Table IT. 
The force constants of the ion are calculated on the basis of Dennison’s (1926) 
formule and entered in Table III. ‘The infra-red frequency, 870, observed 
by Taylor (1929) in K,CrO, is to be attributed to v, and agrees well with 
the corresponding Raman frequency 877. 


Molybdates and Tungstates—The Raman spectra of molybdates and 
tungstates have received fair attention in the past. The reported frequencies 
are grouped together in Table VII along with those of the author. The 
results of the author agrees well with those of the others, except that in the 
crystals of ammonium molybdate, the triply degenerate frequency v, at 881 
is observed as three lines 915, 893 and 874 on the author’s plate. The free- 
quencies reported by Ghosh and Das (1932) for sodium tungstate solution 
do not appear to be correct. 
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and 


tungstates have been the sub- 


ject of a recent note in Nature by Gupta (1937) and his results are given in 


Table 


VIL. 


Besides the compounds 


less similar frequencies for K,MoO, and K,WO, solutions. 
been able to record only three frequencies for the aqueous solutions of molyb- 


cited above he has reported more or 


He has, however, 


dates and tungstates and therefrom he has concluded that these ions which 


TABLE VII. 
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are di-hydrates in solution are hexa-co-ordinated octahedral units. In 


support of his conclusion, he has deduced an expression v,? = v,? + § v,° 
for octahedral symmetry and indicates that this relation is ‘strikingly obeyed, 
the deviation (2 per cent. for molybdate and 0-1 per cent. for tungstate) being 
very much less than what has been observed in some accepted octahedral 
molecules like the hexafluorides of S$, Se and Te (10-17 per cent.).’ From 
Nagendra Nath’s formule for octahedral molecules given in the earlier part 


of this paper, we get, ne vlecting AY and ee. 


t wc2mmp vy? = k + 4 kil (IV) 
99 ( ° 9 $s 6 (Fe —— Rit 
t mica (vst + 9 v2) = ht 4 hip OE (V) 
B+ k® ste , 
—,—— has a value which is nearly equal to (in some cases greater than) 


ki and therefore, it is not justifiable to conclude that the equations (IV) and 
(V) are equal. _ Hence the relation connecting v,, ve and vz used by Gupta to 
examine octahedral symmetry in molvbdates and tungstates is not valid 
and the reported agreement goes rather to disprove the possibility of any 
such structure for these ions. Secondly, assuming that the water of crystal- 
lisation is co-ordinated to the metallic ion, this co-ordination will exist in 
the hydrated crystals as well. In the case of the dihydrate of ammoniu:n 
molybdate crystals, Gupta has confirmed the results of Krishnamurti (1930) 
and reported four lines which indicate a tetrahedral symmetry for the ion. 
Thirdly, in the present investigation, strong solutions of ammonium and 
sodium molybdates have yielded four lines as in the crystal state and shows 
that Gupta’s results are incomplete. The spectrum of sodium tungstate 
resembles the spectrum of molybdate; but the frequency », 452 being 
generalivy very weak, is partly obscured by the continuous spectrum accom- 
panying the picture which could not be avoided even after carefully purify- 
ing the substance by repeated crystallisations and hence could not be 
measured accurately. In scheelite (CaWO,) Nisi (1935) has obtained this 
frequency and his results are given in Table VII. These results are strongly 
in favour of a tetrahedral structure for these two ions. The force constants 
calculated on this basis are given in Table III, and it may be seen that they 
are of the proper magnitude. 

Potassium periodate —A weak aqueous solution of potassium periodate 
has been studied by Nisi (1929) and he has reported one Raman line of medium 
intensity at 702. In KIO, crystals Krishna nurti (1930) has observed two 
lines, 794 (st) and 841 (f). In the present investigation, the crystalline KIO, 
has yielded nine lines and their frequency shifts are given in Table II. On 
the assumption that IO,’ ion is very nearly a tetrahedron, the frequencies 
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are classified in four groups. From the table it is clear that the ‘ breathing 
frequency’ is given by », 


i] 


795 (10), the doubly degenerate frequency », 
is split up into two, 277 and 295, one of the triply degenerate frequencies, 
vg, is split up into three lines, 828, 842 and 857 and the other one y, has yield- 
ed three lines, 337, 349 and 736. The exact origin of 736 is, however, doubt- 
ful. ‘These results indicate that the ion is approximately tetrahedral, but 
slightly distorted in the crystal lattice, resulting in the removal of the de- 
generacies. The average of these frequencies for v,, ve, vg and vy is made 
use of to calculate the force constants for the ion given in Table IIT. The 
frequency reported by Nisi (1929) for the solution does not agree with any 
of the lines in the crystal. 

Potassium bisulphate.—This substance has been studied by Nisi (1929) 
as a 28 per cent. aqueous solution and he has obtained the following Raman 
frequencies : 427 (f), 593 (f), 978 (m) and 1048 (st). The spectrum of the 
anhydrous solid has yielded eight lines and differs from that of the solution, 
but closely resembles that of 50 per cent. sulphuric acid (Woodward and 
Horner, 1934) as may be seen in Table II. This clearly shows that 50 per 
cent. sulphuric acid is predominantly HSO,’ ions. 


AX, Ions. 


The fundamental vibrations of the molecules of the AX, type have been 
treated by Dennison (1926) ; for pyramidal molecules, there are four normal 
modes of vibration, two of the normal frequencies v, and v,, being single and 
parallel to the symmetry axis and the other two v, and vy, being perpendi- 
cular to the axis and doubly degenerate. All the four vibrations are active 
in the Raman effect and in infra-red absorption. In a previous communi- 
cation (Venkateswaran, 1935), the author has shown that the Raman spectra 
of alkaline iodates indicate that they are pyramidal in structure. 

Chlorates and Bromates.—The Raman frequencies of these ions have 
been determined by Krishnamurti (1930) from the spectra of the crystals of 
sodium and potassium salts. Sodium and cadmium bromates have been 
examined by Schefer, Matossi and Aderhold (1930) and aqueous solutions 
of sodium chlorate by Dickinson and Dillon (1929). Table IV gives the 
results obtained by the author for these ions both as crystals and solutions 
and contains a number of new lines not reported before. 

Recently, Shen, Yao and Ta-You Wu (1937) have studied the polarisa- 
tion of the Raman lines ir 10 N-NaCiO,, 3N-NaBrO, and 6-1 N-HIO, solu- 
tions. Though they were not able to record the four characteristic Raman 
lines well separated from each other in these compounds, they have deduced 
the four frequencies from the variation in the degree of depolarisation of 
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different parts of the individual lines. Parodi (1937) has supported the 
conclusions of the above authors by his observations in the infra-red 
absorption of chlorate, bromate and iodate ions. In the present in- 
vestigation, these four frequencies have been recorded for a few chlorates 
and bromates in the state of solid and of aqueous solutions. In the solution 
of the bromate, however, the frequency vz is not resolved from the in- 
tense line due to v,. But in the crystalline state the lines are sharp and 
hence all the frequencies could be identified. The force constants and the 
angle of the pyramid are calculated according to Dennison’s formule and 
given in Table V. ‘The classification of the frequencies by the Chinese 
workers is also given for comparison. ‘The angle of the pyramid has a fairly 
constant value of 55° for all the three halogenates. The valence force, f, 
is the greatest in ClO,’ and the least in IO,’ as could be expected from the 
relative stabilities of these ions. In the case of iodic acid, the latter authors 
have attributed the line 826 to v,; but as has been shown by the author 
(Venkateswaran, 1934) this line is present only in iodic acid and not in alkaline 
iodates and is more appropriately assigned to the polymerised group I,O,”. 
The latter conclusion is confirmed by the fact that this line is observed to 
be polarised (Venkateswaran 1936), while v; should be completely depolar- 
ised : 

The main parallel vibration, v,, is split up into four sharp lines in the 
crystals of Na, K and Li iodates (Venkateswaran, 1934), and has been tenta- 
tively explained as due partly to positional degeneracy of the pyramid and 
partly to accidental degeneracy v; =v, + vy. It is more probable that 
the first two lines in this group, represent v, and the last two v3. On the 
basis of this the average frequencies for the IO; pyramid are v, = 744, 
ve =423, vz = 796 and vg = 320. From Table IV, it may be seen that 
v1, Vg and vg in all the three halogenates are split up into two lines in the 
crystals. The splitting of the doubly degenerate frequency, v3, may be 
explained as due to a slight distortion of the ionic group in the lattice. But 
the splitting of the single and parallel vibrations, v, and v,, cannot be due to 
this cause and is probably due to the positional degeneracy pointed out in 
connection with the iodates. The splitting of single, symmetrical Raman 
lines in crystals is significant and deserves further investigation. 


The Azide Ion. 


The structure of the azide ion has been the subject of considerable 
discussion in recent years. Penny and Sutherland (1936) have summarised 
the existing evidence furnished by the infra-red and the Raman spectra and 
by the X-ray studies of azides. The two most probable structures for this 
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ion about which the decision should lie are (1) the linear and symmettical 


form, N = N = N, and (2) the linear and unsymmetrical form, N = N = N. 
The X-ray studies of cyamuric triazide (Knaggs, 1935) is in support of the 
second formula. In both these forms, there are three normal modes of vibra- 
tion ; v, and vz are valence oscillations and v, is a deformation oscillation, 
For the linear and symmetrical model, v, is active in the Raman effect, but 
inactive in infra-red, while v, and v, are forbidden in Raman and allowed 
in infra-red spectra. If it were linear and unsymmetrical, all the three 
frequencies would be active both in the Raman and in the infra-red spectra 
Garner and Gomm (1931) have obtained two ground frequencies, 1352 and 
2040, for B lead azide in the infra-red absorption. ‘The Raman spectrum of 
sodium azide solution has been studied by Langseth, Nielsen and Sorensen 
(1934) and they have obtained two lines 1348 and 1258 (1348 being a 
hundred times stronger than 1258). They have attributed 1348 to the 
valence oscillation v, and 1258 to the overtone of vz. From the non-appear- 
ance of vy, and v, in their spectra, they have concluded in favour of the linear 
symmetrical form. ‘This conclusion, however, cannot explain the appear- 
ance of v, in B lead azide in its infra-red absorption. In a_ recent pape: 
Engler and Kohlrausch (1936) have recorded two lines, 1300 (1) and 2389 (4) 
for hvdrazoic acid (HN,) and concluded that the N, group is linear, but 
unsymmetrical. In the present investigation, four lines are obtained for 
NaN, in the solid state and three lines in the aqueous solution. The strongest 
line in the two spectra has almost the same frequency as reported by 
Langseth and others. ‘The line 636 in the solid and 2066 in the solid and 
solution are extremely weak, but are positively present in the clear and 
intense plates. In comparison with the infra-red, we have to attribute 636 
to the deformation vibration v, and 2066 to the valence oscillation 


V3 
These results are in support of the linear and unsymmetrical form (2). On 
this model the force constants f,., fo3, and f,3 as calculated come out to 
be 8-8 x 10°, 15-7 x 105 and 1-3 x 10° dynes/em. respectively. The 
magnitude of these constants strongly support the view given above. The 
v, frequency in the solid is distinctly higher than that in the solution and 
shows the influence of the crystel forces on the vibrations of the ion. 


In conclusion the author wishes to express his humble thanks to Prof. 
Sir C. V. Raman for his kind interest in the work. 


Summary. 


The Raman spectra of telluric acid, and the chromate, molybdate, 
tungstate, periodate, bisulphate, chlorate, bromate, and azide ions are obtained. 
Irom these spectra, Te (OH), is shown to be octahedral, CrO,”, MoO,”, WO,’ 
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and IO,’ ions as tetrahedral, ClO,’ and BrO,’ ions as pyramidal and N, as 
linear and unsymmetrical, in. structure. The splitting of the frequencies 
due to the removal of degeneracy by distortion of ions in the crystals, are 
observed in a few cases. 
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THE object of this note is to describe in the language of mathematics, the 
apparent twisting and writhing of a landscape as seen by a moving observer, 
1. Introduction. 

Our experience of the geometry of the external world is derived mainly 
from two sources—the sensations of touch (including the kinesthetic sense) 
and of sight. Let us call these experiences “‘ tactile geometry ’’ and “ visual 
geometry’. The former is limited to our immediate neighbourhood and 
is responsible for our ideas of coincidence and separation and to our concepts 
of displacement and superposition—concepts which lie at the foundations of 
Euclid’s Geometry. Conversely, Euclidean gecmetry may be considered 
as tactile in the sense that whatever the metrical structure of the world 
its properties 7m klernen would be those consistent with a flat manifold. 

Visual Geometry has an enormously greater range and brings the distant 
nebule within the ambit of our perception. Except in our own immediate 
neighbourhood where the physiological sensation of directing and focussing 
both eyes on the same object provides some correlate of the concept of 
distance, it associates with each point in the universe only a_ direction. 
Visual geometry is thus a geometry of directions and two points in the line 
of sight are visually equivalent. ‘The apparent separation of two objects 
may be measured by the angle between their directions of view, or if we 
prefer it, by the arc of the unit sphere with the observer’s eye for centre 
connecting the two points on it corresponding to the two directions. Visual 
geometry is thus two dimensional and non-Euclidean while tactile geometry 
is three-dimensional and Euclidean and the incongruity between the two 
is the reason why children (including many old children) find it difficult to 
draw intelligible figures of solid obiects. 

The building up of the geometry and the optics of the world 7m Grossen 
out of small scale tactile experiences may be done in many ways giving us 
different cosmological models. In this note I assume that the portion of 
3-space which is visible to the observer is Euclidean and shall deduce such 
apparent changes as he observes as due to the peculiar character of visual 
geometry. 
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2. Descriptive Treatment. 


Let us suppose that the observer is travelling along an infinite plain 
from South to North along a straight track, and let h be the height of his 
eye above the ground-level. We take rectangular co-ordinates with the 
observer's eye O for origin, the x-axis in the direction of motion and the 
z-axis vertically downward. Let n, h, z, s be the points where the observer’s 
phenosphere’ (a sphere with centre O and radius unity) is cut by the positive 
x, y, axes and the negative x-axis. The circle nhs is then the observer's 
horizon circle on his phenosphere and every point P below his eye level is 


represented by a point p lying in the quadrant bounded by hs and nas. 
A fixed point (fixed relatively to the ground) appears to move parallel to 
the x-axis and its apparent path on the phenosphere is a great circle ups 
described from ” to s. A straight line PQ is represented by a great circle 
pg on the sphere and since PQ moves so as to take up a series of parallel 











Parallel Projectiou of the Phenosphere of a Moving Observer. 


h; ho hg is the horizon circle. The sides pyr of the moving triangle always pass through 
fixed points h, hz hg on the horizon circle while the vertices trace out great circles through 
nand s. 





? From Gr. datvewv to show. The phenosphere is the sphere on which all phenomena 
appear to take place. In Kantian philosophy a phenomenon is a thing as it appears, as 
distinguished from the thing in itself. 
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positions, pg will pass through a fixed point which, when PQ is horizontal, 
will lie on the horizon circle. ‘Thus if P, Q, R be three fixed points in space 
the representative triangle pgy on the phenosphere will so move that each 
vertex describes a great circle through m and s while each side passes through 
a fixed point, these fixed points tying on a great circle whose plane is 
parallel to PQR. ‘These properties suffice to determine the one parameter 
family of spherical triangles into which gr is deformed, and since any 
configuration in space may be completely defined by means of triangular 
facets, we see that 


The continuous deformation of the apparent shape of fixed objects as 
seen by a moving observer is fully characterised by the property that every 
triangle pqr formed by three points on the phenosphere moves so as always 
to be in perspective with iiself, the centres of perspective being n and s and 
the axis of perspective the great circle whose plane is parallel to PQR. 
Thus when PQR is a horizontal plane, each side of pqr cuts the horizon 
circle in a fixed pornt. 


3. Mathematical Treatment. 


‘The mathematical treatment is not essentially different from that of 
the streaming of a deformable medium in a two-dimensional Riemannian 
manifold (the phenosphere) with a source at » and a sink at s. Let us 
represent a point on the sphere by two Gaussian co-ordinates 4, v correspond- 
ing to longitude and latitude with » and s for North and South poles. ‘Thus 
u is the angle which the plane Opn makes with the horizon circle (measured 
positively downwards) and v is the complement of the angle which Op 
makes with On. If P (x, y, z) be a point in space and p (u, v) the representa- 
tive point on the sphere, it is readily seen that 


x , 
tanu =2/y; tanv = —,——5. (3-1) 
. V(y? + 2°) 
Due to the observer’s motion, P has a relative velocity 
* = —c(say); y=0; 2z=0. (3-2) 
An easy calculation gives 
' . —— ¢ sin 4 cos? v 
“= | = . PRE 
~-c¢ sin u cos? v 
ie’ eae (3-3) 
h 


in the case of points on the ground for which z 
h, the height of the observer’s eye. 


z is constant and equal to 
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If R be the position vector of a point on the sphere so that 
R = (sin v, cos “4 cos v, sin t# cos v) 
and ; 
— — — = x we etc., and Ri-R, = & 
we have for the sphere 
ds® = 91, (du)? + 2g,, dudv + goo (dv)? 
= cos* v (du)? + (dv)? 
and 
c sin u cos*v 


h ’ 


We now calculate the divergence and curl! of this vector field R. 
— n) m) 
: S ; i. 2: oe -. 
div R = y-Rof =(RYS + RPS). Ry 
a 
= R'-R,,/ + R’-R, Sy Since R'-R, = 0 and R?-Ry, = 0 


1 of ) 
“ oad I +3, lie 


3c sin uw sin 2v 


a 


R = R,i +- Row = R,f (say) from (3-3). 


; i a . 

since is found? to be — tanv 
21 

on calculation. 

Lastly, 


curl R at V pd R,/ =(® = +} R? ma) 


ov 
; . °) 
R' x R2,f +R’ x R, ~! + R? x Roof + R’ x R, a 


x Ref 


But 
R} = g" R,; = sec*v R; ; 
R? = 9% R; = R,. Hence R? x R, = 0 
and R, x R, =cosvN where N is the unit outward drawn normal since our 
axes are left handed. 
We have 
R! x R.,; =secv (R, x N] x R. 
= sec v [21, 2] N —secv (N- R,,) R, =v. 
R! x R, =sec?vR, x R, =secvN 
R? x BR... =secv[{N x R,] x Rip 
=sec v (N-R,.) R, f22, 1) sec vN 
= — R, sec v. 
2 The Christoffel 3-index symbols are those derived from the metrical tensor gij. We 


use in this para the summation convention for repeated indices, the indices being summed 
up for the values 1, 2. 
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Hence 
: m) 
curl R = sec v of N —fsecv R, 
ou ; 
c Cz os 
= — 7 COS # COS ¥ N + j, Sin cos ¥ R,. (3-5)8 
1 1 


4. Interpretation. 


The component of the curl along R, which is the direction conjugate 
to that of motion arises out of considering the sphere as embedded in a 
Euclidean 3-space and is, in fact, the rotation involved in the Levi-Civita 
parallel transport of the surface element along the surface.4 It is thus 
irrelevant in relation to the intrinsic geometry of the mainfold.® The other 
part corresponds to a rotation of the surface element in its own plane. 
A positive rotation about N is one which carries R, into the direction of 
R,, through just one right angle and will be counter-clockwise as seen from 
the centre of the sphere. Since for the field of observation 


, c ; 
- 2/2 < (u,v) < 2/2, the rotation — 7 608 & cos v has the same sign as 


—h, so that the rotation is clockwise or counter-clockwise as seen from 
the centre, according as the point under observation is below or above the 
eve-level. 
The deformation of the surface elements on the phenosphere may thus 
be resolved into 
(i) a translatory motion (Levi-Civita parallel displacement) along the 
geodesics “# = const. given by # = 0, ¢ =— ; sin # cosy ; 
(ii) a relative dilatation of the area of each surface element with 
coefficient 
div R = = 
2h 
(#11) a rotation of each surface element (counter-clockwise for points 
above eye-level, clockwise for points below) given by 


sin “sin 2v 


‘ c 
curl R = — =; cos “4 COS Vv. 


h 
3 Weatherburn, Differential Geometry of Curves and Surfaces, Vol. I, p. 229, last line. 
* Levi-Civita, The Absolute Differential Calculus—tr. by Miss Long, p. 105. 
If for a vector field in a two-dimensional manifold, A, A, are the covariant com- 


ponents, the Stokes tensor Aj; = A;,; — Aj.; has only two non-vanishing components 

Aye, = — Az}. In the ambient 3-space we may associate with this tensor the contravariant 

vector pe = — ek j;;/2 Vg which has only oae component pz? along the normal. The value 
of 


of this component is precisely sec v N found above. Veblen, Jnvariants of Quadratic 


Ou 
Differential Forms, Cambridge Tract No. 24, p. 64. 
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These results agree both with observation and commonsense, for thev 

lead to the following corollaries :— 

(1) The translatory velocity # vanishes for points on the horizon 
(4 =0) and is a maximum just below the eve of the observer 
(4 =2/2,v =0). 

(2) The dilatation coefficient is positive while the objects are approach- 
ing (v > 0) and negative when they are receding (v< 0). It 
vanishes for points on the horizon. 

(3) The rotation is clockwise for objects below eye-level for, the upper 
part of a surface element—corresponding to the more distant 
points—will appear to move more slowly than the lower part. 
For surface elements above the eye-level it is the lower parts 
(nearer to the horizon circle) which are slower. 

Other striking results which may be predicted from our equations 

are :— 

(4) The points near the horizon right in front of the observer (# = 0, 
v = 0) and those just below his eye-level (“ = 7/2, v =0) are 
subject to an exceedingly simple type of deformation. In the 
first case there is only pure rotation (without translation or 
dilatation), and in the second pure translation only. 

(5) The dilatation coefficient is a maximum or minimum at points along 
the tract at a distance A in front or behind the observer (u = 7/2, 
v =+7/4). 

(6) By leaning down or otherwise reducing the height / of the eye, the 
magnitude of each of the components (i), (ii), (iii) may be increased. 

‘hese results are worth verifying by looking out THROUGH A RAILWAY 

WINDOW. 
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